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Space-Time Discontinuous Galerkin Finite Element Metho ds

Motivation of reseach:

In many applicationsone encountersmoving and defaming o w domains:

Aeradynamics:helicopters,mancesuveringaircraft, wing control surfaces
Fluid structure interaction
Two-phaseand chemicallyreacting o ws with free surfaces

Water waves,includingwetting and drying of beachesand sandbanks

A key requirementfor theseapplicationsis to obtain an accurateand conservative
discretizationon movingand defaming meshes
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Motivation of Reseach

Other requirements

Improved capturing of vortical structuresand o w discontinuities,suchas shacks
and interfaces,using hp-adaptation.

Capability to dealwith complexgeometries.

Excellentcomputationale ciency for unsteady o w simulations.

Theserequirementshave beenthe main motivation to developa space-time
discontinuousGalerkinmethad.
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Overview of Lecture

Space-timediscontinuousGalerkin nite elementdiscretizationfor compessible
Navier-Stolesequations

| main aspects of space-timediscretization

| pseudo-timeintegration methods to solvethe nonlinea algebvaic equations
Applicationsin aeradynamics

Concludingremaks
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Geometry of Space-Time Domain for Three-Dimensional
Time-Dep endent Problems

Consideran opendomain: E ~ R*.
The ow domain ( t) attimet is de ned as:
(t) =fx2EjXo=1 tg< t< Tg
The space-timedomainbounday @E consistsof the hypersurfaces:
(to) =fx 2 @ | Xo= 100;

(T)=fx2 @jxo=Tg;
Q =fx2 @jtpg< Xo< Taq:



‘*' Universiy of Twente - Chair NumericalAnalysisand ComputationalMechanics

Space-Time Slab

of WT)
°
E n+1
1:n+t Kj

Space-timeslabin space-timedomainE.
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Compressible Navier-Stok es Equations

CompessibleNavier-Stolkes equationsin space-timedomainE:

@J; N @ (U) @gJU;r u) - 0
@ o @« @k

ConservativevariablesU 2 R® andinviscid uxes F€ 2 R® 3

3 2 3
U k

ujo;  Fe=4ujuet pid
E hUk
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Compressible Navier-Stok es Equations

Viscousux FY 2 R® 8

2 3
0
FIX =4 i k 5
kj Uj Ok
with the total stresstensa is de ned as:
@ @; @iy
jk = ikt ( + )

@ @ @

and heat ux vecta g is de ned as:

Ok = —



Universiy of Twente - Chair NumericalAnalysisand ComputationalMechanics

Compressible Navier-Stok es Equations

The viscousux F" is homogeneousvith respect to the gradientof the
conservativevariablesr U:

@J
Fic (Uit U) = Airs(U) -
with the homogeneiy tensad A 2 R®> ® ° 3 de ned as:
@, (U;r U
Airs(U) = i { )
@ar U)

The systemis closedusingthe equationsof state for an ideal gas.
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Geometry of Space-Time Element

R
Geometryof 2D space-timeelementin both computationaland physicalspace.
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Approximation Spaces

The nite elementspaceassaiated with the tessellationTy, is givenby:
Wh:= W 2 (L%En)> : Wijk Gk 2 (P*(K))> 8K 2 Th
We will alsousethe space:
Vhi= V2 (LAE))° ® : Vijk Gk 2 (PYK)> 3% 8K 2T,

Note the fact that r W, Vy, is essentialfor the discretization.
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Trace Operators

The jump of f in the Catesiancoordinate directionk is de ned at internal faces
as:

[fIc = fong+ £Rn%
The averageof f is de ned at internal facesas:

ffifg= 1(f"+ f7):
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First Order System

Rewritethe compessibleNavier-Stolesequationsas a rst-o rder systemusingthe
auxiliay variable

@Ji N @;.(U) @ ik(U) _
@Xo @k @«

@QJ,
@Xs

O;

= 0O:

k(U)  Airs(U)
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W eak Formulation

Weak formulation for the compressibleNavier-Stoles equations

FindaU 2 Wy, 2 Vp, suchthat forall W 2 Wy, andV 2 Vy, the following

holds:
Z
X . .
@NIUi + @NI(FiE k) dK
ot K Go @k
X Z
+ W8+ By Py)ngd(@) = 0
KT, &
Z Z
X X @J
Vik «k dK = Vik Ak rs— dK
K2T ! K K2T ! K S
X Z
+ Vi Agrs(Br Ur)ng dQ
kot n Q

h
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Transformation to Arbitrary Lagrangian Eulerian form

The space-timenormal vecta on a grid movingwith velccity v is:
8
3(1;,0;0;0"  atK(t,,,);

n = B( 1;0;0;0)" atK (t%);
“( vknk;n)'  atQ™:

The bounday integral then transfams into:

x £
W (B + 5 byyngd(@)
KT, &
Z Z
X
= W0, dk + w8, dk
k2T,  K(theg) K (tn)
Z
X
+ WH(Pg  Bivie  by)ngdQ

K2T,, @
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Numerical Fluxes

The numerical ux B at K (t,,1;) andK (t.) is de ned asan upwind ux to
ensurecausaliy in time:

( L
b = U at K (t,,1);
UR atK (t});

At the space-timefacesQ we introducethe HLLC appoximate Riemannsolveras
numerical ux:

n(Py  Bivi)(u';u®) = H™MC (Uh U )
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ALE Weak Formulation

The ALE ux formulation of the compessibleNavier-Stolkes equationstransfams
now into:

FindaU 2 Wy, suchthat for all W 2 W, the following holds:
Z
X @ . QN

e
ket n K @<0UI @<k(F'k k) dK
X Z Z
+ WU dK _ WUT K
T K(pap) K (th)
x Z
+ WHHM™C W uRvin)  Pynp)dqQ = o
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Explicit Runge-Kutta Pseudo-Time Integration Metho d for
Viscous Flows

The explicit Runge-Kuttapseudo-timentegration method proposedby Kleb e.a. is
usedin the viscouspart of the ow.

The algaithm can be summaized as:

1. InitializeV %= 0" 1.
2. For all stagess = 1 to 4 computeV S as:

\l)s: \I)O . L(\I)S 1;On 1):
3. ReturnQ" = V>,

The coe cients are optimizedto ensurea maximumstability domainalongthe
negativereal axis.

17
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Stabilit y Analysis

Il 1 1 1 1 Il Il 1 1
-4 -2 0 2 4 30 25 20 15 10 5 0
Re(z) Re(z)

Stability domain and values (dots) for the EXI method (L) and EXV methad
(R) in the time-dependentinviscid ow regimewith = 1:6. The pseudo-timeCFL
number is 1:6 and for this constraintonly the EXI methaod is stable.
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Stabilit y Analysis

10+ 10+

Im(z)
Im(z)
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Re(z) Re(z)

Stability domain and values (dots) for the EXI methad (L) and EXV methad
(R) in the time-dependentviscous ow regimewith = 8 10 3. The pseudo-time
di usion number is 0:8 and for this constraintonly the EXV methad is stable.
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Delta Wing Simulations

Simulationsof viscous o w about a delta wing with 85 sweepangle.
Conditions

|  MachnumberM = 0:3
| ReynoldsnumbersRe = 40:000 andRe = 100:000 (LES)
| Angleof attack = 12:5.

| Unadapted ne grid mesh1:600:000 elements,40:000:000 degreesof
freedom

| Adaptedmeshfor LESwith 1.919.48%elements47.987.225degreesf freedom
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Delta Wing Simulations

Streaklinesand vorticity contoursin various cross-sections
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Delta Wing Simulations

Adapted meshand vorticity eld in primary vortex and cross-section®f a delta wing
(Rec = 100:000, M a = 0:3, = 12:5 degrees).
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Delta Wing Simulations

Vorticity eld nea leadingedgeof deltawing at x = 0:6¢c
(Re; = 100:000, M a = 0:3, = 12:5 degrees)

23
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Delta Wing Simulations

Vorticity eld nea leadingedgeof deltawing at x = 0:9c
(Re; = 100:000, M a = 0:3, = 12:5 degrees)
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NACAO0012 Airfoil in Laminar Dynamic Stall

Conditions:

FreestreamMach numberM ; = 0:2
Reynoldsnumber 10000

Pitch axisis situated at 25% from the leadingedge
Angle of attack evolvesas:

(t) = a+ bt aexp( ct);

with coe cients a =  1:2455604, b = 2:2918312, ¢ = 1:84 andtime

t 2 [0; 25].

Time step t = 0:005

C-type meshwith 112 38 elementswith 14 elementsin the bounday layer
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NACAO0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012airfoil in dynamicstallat =

30 .
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NACAO0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012 airfoil in dynamicstall at

40 .
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NACAO0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012airfoil in dynamicstallat =

50 .
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Conclusions

The space-timediscontinuousGalerkinmethod hasthe following interestingproperties:

Accurate, unconditionallystable schemefor the compressibleNavier-Stoles
equations.

Conservativaliscretizationon moving and defaming mesheswhich satis es the
geometricconservationaw.

Local, elementbaseddiscretizationsuitablefor h-(p) meshadaptation.

Optimal accuracyprovenfor advection-di usionequation.
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Conclusions

Runge-Kuttapseudo-timeintegration, optimizedfor inviscid (EXI) and viscous
(EXV) ow regimes,s an e cient techniqueto solvethe non-linea equationsfor
the DG expansioncoe cients and preserveghe locality of DG methads.

The useof a stabilizationoperata insteadof a slope limiter makesit possibleto
convergeto machineaccuracyfor steadystate problems,whereasa limiter prevents
convergencdo steadystate and reducesaccuracyin a large part of the domain.

30
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