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Space-Time Discontinuous Galerkin Finite Element Metho ds

Motivation of research:

� In manyapplicationsoneencountersmovingand deforming 
o w domains:

I Aerodynamics:helicopters,manoeuveringaircraft, wing control surfaces

I Fluid structure interaction

I Two-phaseand chemicallyreacting
o ws with free surfaces

I Water waves,includingwetting and drying of beachesand sandbanks

� A key requirementfor theseapplicationsis to obtain an accurateand conservative
discretizationon movingand deforming meshes
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Motivation of Research

Other requirements

� Improvedcapturingof vortical structuresand 
o w discontinuities,suchas shocks
and interfaces,usinghp-adaptation.

� Capability to dealwith complexgeometries.

� Excellentcomputationale�ciency for unsteady
o w simulations.

Theserequirementshavebeenthe main motivation to developa space-time
discontinuousGalerkinmethod.
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Overview of Lecture

� Space-timediscontinuousGalerkin�nite elementdiscretizationfor compressible
Navier-Stokesequations

I main aspectsof space-timediscretization

I pseudo-timeintegration methods to solvethe nonlinear algebraic equations

� Applicationsin aerodynamics

� Concludingremarks
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Geometry of Space-Time Domain for Three-Dimensional
Time-Dep endent Problems

� Consideran open domain: E � R4.

� The 
o w domain
( t ) at time t is de�ned as:


( t ) := f x 2 E j x 0 = t; t 0 < t < T g

� The space-timedomainboundary @E consistsof the hypersurfaces:


( t 0) := f x 2 @E j x 0 = t 0g;


( T ) := f x 2 @E j x 0 = T g;

Q := f x 2 @E j t 0 < x 0 < T g:
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Space-Time Slab
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Compressible Navier-Stok es Equations

� CompressibleNavier-Stokesequationsin space-timedomainE:

@Ui

@x 0
+

@F e
k (U )

@x k
�

@F e
k (U; r U )

@x k
= 0

� ConservativevariablesU 2 R5 and inviscid
uxes F e 2 R5� 3

U =

2

4
�

�u j

�E

3

5 ; F e
k =

2

4
�u k

�u j uk + p� j k

�hu k

3

5
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Compressible Navier-Stok es Equations

� Viscous
ux F v 2 R5� 3

F v
k =

2

4
0

� j k

� k j u j � qk

3

5

with the total stresstensor � is de�ned as:

� j k = �
@u i

@x i
� j k + � (

@u j

@x k
+

@uk

@x j
)

and heat 
ux vector q is de�ned as:

qk = � �
@T

@x k
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Compressible Navier-Stok es Equations

� The viscous
ux F v is homogeneouswith respect to the gradientof the
conservativevariablesr U :

F v
ik (U; r U ) = A ik r s(U )

@Ur

@x s

with the homogeneity tensor A 2 R5� 3� 5� 3 de�ned as:

A ik r s(U ) :=
@F v

ik (U; r U )

@(r U )

� The systemis closedusingthe equationsof state for an idealgas.
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Geometry of Space-Time Element
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Approximation Spaces

� The �nite elementspaceassociated with the tessellationTh is givenby:

W h :=
�

W 2 (L 2(Eh)) 5 : W j K � GK 2 (P k ( K̂ )) 5; 8K 2 Th
	

� We will alsousethe space:

Vh :=
�

V 2 (L 2(Eh)) 5� 3 : V j K � GK 2 (P k ( K̂ )) 5� 3; 8K 2 Th
	

:

� Note the fact that r hW h � Vh is essentialfor the discretization.
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Trace Operators

� The jump of f in the Cartesiancoordinate direction k is de�ned at internal faces
as:

[[f ]]k = f L n L
k + f R n R

k :

� The averageof f is de�ned at internal facesas:

ff f gg = 1
2( f L + f R ) :
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First Order System

� Rewritethe compressibleNavier-Stokesequationsas a �rst-o rder systemusingthe
auxiliary variable � :

@Ui

@x 0
+

@F e
ik (U )

@x k
�

@� ik (U )

@x k
= 0;

� ik (U ) � A ik r s(U )
@Ur

@x s
= 0:
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Weak Formulation

� Weak formulation for the compressibleNavier-Stokesequations

Find a U 2 W h, � 2 Vh, suchthat for all W 2 W h and V 2 Vh, the following
holds:

�
X

K2T h

Z

K

� @W i

@x 0
Ui +

@W i

@x k
(F e

ik � � ik )
�

dK

+
X

K2T h

Z

@K
W L

i ( bUi + bF e
ik � b� ik )n L

k d(@K ) = 0;

X

K2T n
h

Z

K
Vik � ik dK =

X

K2T n
h

Z

K
Vik A ik r s

@Ur

@x s
dK

+
X

K2T n
h

Z

Q
V L

ik A L
ik r s( bUr � U L

r ) �n L
s dQ
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Transformation to Arbitra ry Lagrangian Eulerian form

� The space-timenormal vector on a grid movingwith velocity ~v is:

n =

8
>><

>>:

(1 ; 0; 0; 0) T at K ( t �
n +1 ) ;

( � 1; 0; 0; 0) T at K ( t +
n ) ;

( � vk �n k ; �n )T at Q n :

� The boundary integral then transforms into:

X

K2T h

Z

@K
W L

i ( bUi + bF e
ik � b� ik )n L

k d(@K )

=
X

K 2T h

� Z

K (t �
n +1 )

W L
i

bUi dK +
Z

K (t +
n )

W L
i

bUi dK
�

+
X

K 2T h

Z

Q
W L

i ( bF e
ik � bUi vk � b� ik ) �n L

k dQ
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Numerical Fluxes

� The numerical
ux bU at K ( t �
n +1 ) and K (t +

n ) is de�ned as an upwind 
ux to
ensurecausality in time:

bU =

(
U L at K ( t �

n +1 ) ;

U R at K ( t +
n ) ;

� At the space-timefacesQ we introducethe HLLC approximate Riemannsolveras
numerical
ux:

�n k ( bF e
ik � bUi vk )( U L ; U R ) = H HLLC

i (U L ; U R ; v; �n )
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ALE Weak Formulation

� The ALE 
ux formulation of the compressibleNavier-Stokesequationstransforms
now into:

Find a U 2 W h, suchthat for all W 2 W h, the following holds:

�
X

K2T n
h

Z

K

� @W i

@x 0
Ui +

@W i

@x k
(F e

ik � � ik )
�

dK

+
X

K 2T n
h

� Z

K (t �
n +1 )

W L
i U L

i dK �
Z

K (t +
n )

W L
i U R

i dK
�

+
X

K2T n
h

Z

Q
W L

i (H HLLC
i (U L ; U R ; v; �n ) � b� ik �n L

k ) dQ = 0:
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Explicit Runge-Kutta Pseudo-Time Integration Metho d for
Viscous Flows

� The explicit Runge-Kuttapseudo-timeintegration method proposedby Kleb e.a. is
usedin the viscouspart of the 
o w.

� The algorithm can be summarizedas:

1. Initialize V̂ 0 = Û n � 1.
2. For all stagess = 1 to 4 computeV̂ s as:

V̂ s = V̂ 0 � � s� L ( V̂ s� 1; Û n � 1) :

3. Return Û n = V̂ 5.

� The coe�cients are optimizedto ensurea maximumstability domainalongthe
negativereal axis.
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Stabilit y Analysis
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Stability domain and values� �� (dots) for the EXI method (L) and EXV method
(R) in the time-dependent inviscid 
o w regimewith � = 1:6. The pseudo-timeCFL
number is 1:6 and for this constraint only the EXI method is stable.
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Stabilit y Analysis
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(R) in the time-dependentviscous
o w regimewith � = 8 � 10� 3. The pseudo-time
di�usion number is 0:8 and for this constraint only the EXV method is stable.
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Delta Wing Simulations

� Simulationsof viscous
o w about a delta wing with 85� sweepangle.

� Conditions

I Mach number M = 0:3

I ReynoldsnumbersR e = 40:000 and R e = 100:000 (LES)

I Angleof attack � = 12:5� .

I Unadapted�ne grid mesh1:600:000 elements,40:000:000 degreesof
freedom

I Adaptedmeshfor LESwith 1.919.489elements,47.987.225degreesof freedom
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Delta Wing Simulations

Streaklinesand vorticit y contoursin various cross-sections
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Delta Wing Simulations

Adaptedmeshand vorticit y �eld in primary vortex and cross-sectionsof a delta wing
(R ec = 100:000, M a = 0:3, � = 12:5 degrees).
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Delta Wing Simulations

Vorticit y �eld near leadingedgeof delta wing at x = 0:6c
(R ec = 100:000, M a = 0:3, � = 12:5 degrees)
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Delta Wing Simulations

Vorticit y �eld near leadingedgeof delta wing at x = 0:9c
(R ec = 100:000, M a = 0:3, � = 12:5 degrees)
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NACA0012 Airfoil in Laminar Dynamic Stall

Conditions:

� FreestreamMach number M 1 = 0:2

� Reynoldsnumber 10000

� Pitch axis is situatedat 25% from the leadingedge

� Angle of attack � evolvesas:

� ( t ) = a + bt � a exp( � ct ) ;

with coe�cients a = � 1:2455604, b = 2:2918312, c = 1:84 and time
t 2 [0; 25].

� Time step � t = 0:005

� C-type meshwith 112 � 38 elementswith 14 elementsin the boundary layer
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NACA0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012airfoil in dynamicstall at � = 30� .
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NACA0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012airfoil in dynamicstall at � = 40� .
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NACA0012 Airfoil in Laminar Dynamic Stall

Streamlinesaround NACA 0012airfoil in dynamicstall at � = 50� .
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Conclusions

The space-timediscontinuousGalerkinmethod hasthe following interestingproperties:

� Accurate,unconditionallystableschemefor the compressibleNavier-Stokes
equations.

� Conservativediscretizationon movingand deforming mesheswhich satis�es the
geometricconservationlaw.

� Local, elementbaseddiscretizationsuitablefor h-(p) meshadaptation.

� Optimal accuracyprovenfor advection-di�usionequation.
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Conclusions

� Runge-Kuttapseudo-timeintegration, optimizedfor inviscid(EXI) and viscous
(EXV) 
o w regimes,is an e�cient techniqueto solvethe non-linear equationsfor
the DG expansioncoe�cients and preservesthe locality of DG methods.

� The useof a stabilizationoperator insteadof a slope limiter makesit possibleto
convergeto machineaccuracyfor steadystate problems,whereasa limiter prevents
convergenceto steadystate and reducesaccuracyin a large part of the domain.
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