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ABSTRACT
Conventional Finite-Element programs are able to compute

the vibration response of mechanical structures. Increasingly
also so-called multi-field problems can be solved. For piezo-
electric actuators and sensors, electrical degrees of freedom
apart from the mechanical ones have to be considered too. The
pure actuator effect can also be modelled using the coefficients
of thermal expansion. But regarding the optimal placement of
flat piezoceramic modules, which couple in the mechanical part
through thed31-effect, it proves to be advantageous to consider
them after doing the computational complex modal analysis.

In this paper, this modal coupling approach is described
in detail. It introduces an additional modelling error, because
the effect of the stiffness and mass of the modules is not con-
sidered in the construction process of the functional space, from
which modal shapes are derived. But due to the comparatively
small contribution to the global mass and stiffness of such flat de-
vices, this additional error can generally be accepted. Further-
more this error can be reduced to an arbitrarily small amount,
if the number of retained eigenmodes is increased and the gain
in computational speed is significant. For the calculations, self-
written triangle elements with full electro-mechanical coupling
have been used, being coded completely in MATLAB.

Finally the optimization procedure for the placement of
the piezoceramic modules including their mass and stiffness is
demonstrated for a test structure.
Keywords: modal, piezo patch, optimization, smart materials.

INTRODUCTION

Mechanical structures can be accurately described in a given
frequency range by modal low order models. Changing the
model usually requires a new modal analysis, which can be quite
expensive, if the physical model is based on a Finite Element
code with many degrees of freedom. Especially optimal place-
ment algorithms for finding best positions and configurations
of e.g. piezoelectric actuators suffer from this computational
burden. This paper discusses the so-calledmodal correction
method[1] to avoid further modal decompositions in the case of
moderate system changes, if flat piezoceramic patches as actua-
tors or sensors are applied to the originally passive elastic struc-
ture in certain surface domains. For this purpose the modal data,
consisting of eigenfrequencies, eigenmodes and modal damp-
ing factors (assuming modal masses of unity) have to be ad-
justed by correction values, depending on the applied devices.
From a practical point of view the flat piezoceramic patch is
partitioned in triangular subdomains. A new triangle electro-
mechanical bending element, based on Kirchhoff’s plate theory,
is used to calculate the modal stiffness and mass matrices for
the adjustment of the modal equations. In addition piezoelectric
coupling terms are determined and plugged into the modal equa-
tions, which are needed to consider the electrical network shunts
of the ceramics. The details of this approach are fully described
in [2] and only an outline is presented here for brevity. Especially
the triangle elements are discussed there in full detail, including
listings and verification procedures.
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Starting point is the system of dynamic equations

M̂ü+ D̂u̇+ K̂u = f̂ , and

Mq̈ +Dq̇ +Kq = f , u = Φq,

with the diagonal matricesM = Φ
TM̂Φ, K = Φ

T K̂Φ, the
generalized force vectorf = Φ

T f̂ and the generalized dis-
placement vectorq. Φ contains the selected and columnwise or-
dered eigenmodes of the modal analysis and the diagonal terms
of K are the square values of the corresponding eigenfrequen-
ciesωj = 2πfj , if the modal masses are normed to unity, e.g.
if M = I holds. The additional assumption of modal damping
provides the diagonality ofD = Φ

T D̂Φ, which is generally not
strictly true.

When the mechanical system is extended by piezoelectric
actuators and sensors, some correction matricesM̂p and K̂p

have to be added to the mass matrix̂M and the stiffness ma-
trix K̂. These changes imply corrections in the eigenmodesΦ

and the eigenfrequencies. But under the assumption, that the new
eigenmodes can be approximated by the old ones sufficiently
well, another modal analysis can be avoided. Instead the old
modal diagonal matricesM andK can be modified by the addi-
tive correction matricesMp = Φ

TM̂pΦ andKp = Φ
T K̂pΦ.

These correction matrices can be computed very fast, because of
the many zero entries in the matriceŝMp andK̂p. The precision
of this approach can be controlled by the number of eigenmodes,
which are used. Furthermore other displacement functions can
be incorporated inΦ as well. Though non modal columns inΦ
destroy the diagonality ofM andK, the computational burden
of diagonalizingM andK with modal techniques is quite low,
because of the comparatively low order ofM andK. This also
holds for the corrected matricesM +Mp andK +Kp, which
are non-diagonal in general too.

Suppose the modal matricesM , D andK are known to-
gether with the generalized modal force vectorf . Let pi denote
the nodes of a surface mesh of the structure, where piezoceramic
patches can be placed. For all nodespi, the displacement com-
ponents

ui =
[
ui vi wi ϕxi ϕyi ϕzi

]T

of each eigenmode are also assumed to be known. By suitable
interpolation algorithms, the displacement components ofarbi-
trary points on the meshed surface can be obtained. Therefore
the three nodal displacement vectors of an arbitrarily placed tri-
angular element can be determined. The non-zero components
of M̂p andK̂p are given by the two15 × 15-element matrices
of the triangle bending element, describing a part of the applied
piezoceramic patch. By left and right multiplication of thecor-
responding displacement componentsui anduj of the i-th and

j-th eigenmode, the matricesMp andKp can bei calculated.
The15× 1-piezoelectric coupling vector is obtained in a similar
way.

1 An electro-active triangular bending element
The development of triangular finite bending elements is ex-

tensively investigated in the literature. A detailed discussion of
the advantages and disadvantages of different concepts is given
in [3]. Roughly speaking triangular bending elements can be
problematic, but the simplicity of creating triangular meshes for
placement strategies, in combination with the simple algorithms
for partitioning polygonal areas into triangular subdomains out-
weights the disadvantages of these elements, which are mainly
concerned in the correct determination of the material stresses.
Indead these are not needed for vibration analysis in the topic of
adaptive systems. Generally so-called compatible elements are
less efficient than incompatible elements, but the former are al-
ways convergent [3]. For this reason, we coded two active bend-
ing elements (one compatible Clough-Tocher macro element [3]
and one incompatible so-called Specht element [4]) in the ma-
trix languageMATLAB. Both of them performed equally well in
tests. Therefore only the latter faster element is used here. Note
that compatibility implies monotone convergence, but requires
C1-continuity for the bending displacementw in the Kirchhoff
theory. Extending this theory by membrane displacements, the
kinematic variability is given by

u =





u − z w,x

v − z w,y

w



 , zm − h

2
≤ z ≤ zm +

h

2
. (1)

The displacementsu(x, y), v(x, y) andw(x, y) are related to the
middle surfacez = 0, thex- andy- cross sections are rotated
byΦx(x, y) = w,y(x, y) andΦy(x, y) = −w,x(x, y). The midth
of the piezoceramic patch of thicknessh has a distance ofzm to
the middle surface. This leads to the linearized strain terms

ε =





εx

εy

γxy



 =





u,x − z w,xx

v,y − z w,yy

u,y + v,x − 2z w,xy



 .

The plain stress assumption impliesσz = τxz = τyz = 0 and
replaces the incompatible restrictionsεz = γxz = γyz = 0,
which can formally be derived from (1). The material law of the
electro-mechanically coupled piezoceramic patch, reduced to the
relevant stress and strain components, is given by





εx

εy

γxy



 =
1

E





1 −ν 0
−ν 1 0
0 0 2(1 + ν)









σx

σy

τxy



+





d31

d31

0



E3, (2)
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with the electric field having only one non-zero componentE3

in z-direction and assuming isotropic passive material properties.
This can be transformed into





σx

σy

τxy



 =
E

1 − ν2





1 ν 0
ν 1 0
0 0 1−ν

2





︸ ︷︷ ︸

=C





εx

εy

γxy



−





e?
31

e?
31

0





︸ ︷︷ ︸

=E

E3. (3)

The star ine?
31 = E

1−ν d31 indicates, that this component is not
directly related to the three dimensional tensoreij , because the
plane stress assumption has been used. Sometimes the partition

C =
E

2(1 − ν2)





1 1 0
1 −1 0
0 0 1









1 + ν 0 0
0 1 − ν 0
0 0 1 − ν









1 1 0
1 −1 0
0 0 1





is advantageous. To model piezo patches with homogenized ma-
terial coefficients, which have inherent anisotropies in the xy-
plane, as in the case of comb electrodes [5] for using the so-called
d33-effect, the more general formulas

C = E?





1 ν 0
ν νE 0
0 0 1−νG ν

2



 and E = e?





1
νe

0



 =





e?
x

e?
y

0



 (4)

have to be used forC andE. The new dimension less parame-
tersνE , νG andνe are equal to one in the special case of passive
isotropy.C andE from (4) are shown for a fibre angle ofϕ = 0,
but they can easily be transformed to other fibre angles by using
the tensor laws.

Neglecting the rotational inertia terms, the mass matrixMp

and the stiffness matrixKp, as well as the electro-mechanical
coupling vectorfp of the ceramic patch can be obtained from
the variational formulation

δqT



Mp q̈ +Kp q − fp hE3
︸︷︷︸

=U



 =

∫

V




ρ





δu
δv
δw





T 



ü
v̈
ẅ



+





δεx

δεy

δγxy





T 



σx

σy

τxy








 dV. (5)

Using the Gauß integral theorem,fp possesses the alternative

representation

δqTfp =
e?
31

h

∫

V

(
δεx + δεy

)
dV

=
e?
31

h

∫ zm+h/2

zm−h/2

∫

∂A

[
δu − z δw,x

δv − z δw,y

]T

n ds dz

= e?
31

∫

∂A

([
δu
δv

]T

n− zm
∂δw

∂n

)

ds, (6)

with the normalized outer normal vectorn of the base areaA of
the piezoceramic patch. Using the anisotropic material law(4),
the variational formulation is given by

δqTfp =
1

h

∫

V

(
e?
xδεx + e?

yδεy

)
dV

=

∫

∂A

[
e?
x nx

e?
y ny

]T ([
δu
δv

]

− zm

[
δw,x

δw,y

])

ds.

Anisotropic material laws are not considered in theMATLAB-
implementation, because the classicd31-patches have been of
main interest to our department so far [6]. The implementation
can easily be extended to the anisotropic case though. Attention
must be given to the correct treatment of the fibre angle in the
mesh generation, but this is a problem of careful book keeping.
In addition to the modified material stiffnessC of (4), the repre-
sentation of the coupling vectorsfp has to be adapted as shown.

2 Low order modal electro-mechanical systems
To complete the discussion about the modal electro-

mechanical system equations, the sensoric properties of the piezo
devices have to be considered. In addition to the actuatoricequa-
tion (5) in variational form, the corresponding sensoric equa-
tions, in combination with the equations of the electric network
are needed. This requires the full set of constitutive material
properties, which extend (3) by

D3 =





d31

d31

0





T 



σx

σy

τxy



+ εσ
33E3 =





e?
31

e?
31

0





T 



εx

εy

γxy



+ ε?
33E3

with ε?
33 = εσ

33 −
2E

1 − ν
d31

2.

εσ
33 denotes the dielectric constant of the piezoceramic material

in z-direction, related to constant mechanical stressσ. Again the
star inε?

33 reminds on the assumed plane stress distribution. The
mechanical coupling term with the same piezoelectric material

3 Copyright c© 2005 by ASME



coefficientd31 as in equation (2) results on energetic consider-
ations, which are also responsible for the symmetry of the ma-
terial stiffness matrixC. There are no dissipating terms in this
physical model and the piezoceramic modul is an ideal energy
transformer. The energy loss in practical applications leads to
non-constant hysteretic material coefficients, which are not con-
sidered in the linear theory, upon which this derivation is based.

3 The generalized electro-mechanical coupling coef-
ficient
If the electrical fieldE3 as state variable is independent from

the mechanical displacement field, the variation of the electrical
quantities can be done independent from the mechanical varia-
tion. This implies

∫

V

δE3 D3 dV −
∫

∂V

δϕ q̂ dA =

∫

V

δE3 D3 dV +

∫

∂V

δE3 z q̂ dA = 0

with the variation of the electric potentialδϕ = −z δE3 and
the prescribed surface charge densityq̂. It should be mentioned,
that here as well as in the material law used above the idealiza-
tion E1 = E2 = 0 was made. The charge of the upper electrode
of the patch is given bŷQ = A q̂, the lower charge therefore
by −Q̂. The constance ofE3 andδE3 induces

δE3 e?
31

∫

V

(
εx + εy

)
dV + h2δE3CpE3 + hδE3Q̂ = 0,

with the capacityCp = ε?
33A/h of the completely clamped ce-

ramic. The coupling coefficientsdij are based on a polarization
in positivez-direction. But the polarization field is usually es-
tablished by a positive electrical voltage at the upper electrode.
This can be respected by changing the signs of the coupling coef-
ficientsdij or eij respectively. The same effect can be achieved
by changing the sign of the electric voltageU and the electric
chargeQ in the equations. This impliesU = hE3, Q = −Q̂
and

e?
31

h

∫

V

(
εx + εy

)
dV + CpU = Q.

In comparison with equation (6) it follows, that the integral
can also be written asqT fp, which also holds in case of an
anisotropic material law. With (5) a compact form of the pure
actuator and sensor equations is given by

Mp q̈m +Dp q̇m +Kp qm − fp U = fm, (7)

fp
Tqm + Cp U = Q, (8)

with the mechanical state variablesqm = q. Equation (5) has
been extended by the viscuous damping termDp q̇m and the
force vectorfm of an outer patch excitation. In the case of sev-
eral ceramic modules, whose electrodes are not connected gal-
vanically, the actuator equation has to be modified by coupling
terms of the form−fpk Uk for thek-th patch, and for each patch
a corresponding sensor equation can be buildt. The completesys-
tem needs additional differential equations, involving the electric
currentsQ̇k and voltagesUk to describe the electrical network.
Two special cases are given by galvanically shunted ceramics
(U ≡ 0) and on the other hand by ceramic patches with open
electrodes (Q ≡ 0):

U ≡ 0 : Mp q̈m +Dp q̇m +KE
p qm = fm,

QE = fp
Tqm, KE

p = Kp.

Q ≡ 0 : Mp q̈m +Dp q̇m +KD
p qm = fm,

UD = − 1

Cp
fp

Tqm, KD
p = Kp + fpCp

−1fp
T .

Open ceramics therefore have a higher effective mechanicalstiff-
ness and higher eigenfrequencies than shunted ceramics. One
measure of the authority, a piezo patch possesses on thej-th
eigenmode, is given by the dimensionless so-calledgeneralized
electro-mechanical coupling coefficient(first mentioned in [7]
and later used by several authors, e.g. [8, 9, 10])

κj
2 =

ωD
j

2 − ωE
j

2

ωE
j

2
≈ 1

Cp

(
ψj

Tfp

)2

ψj
T
(
K +Kp

)
ψj

≈ 1

Cp

(
ψj

Tfp

)2

ψj
TKψj

. (9)

ωE
j andωD

j are the eigenfrequencies of the system with shunted
and open electrodes respectively. The first approximation holds
under the assumption, that the switching from shunted to open
electrodes only slightly changes thej-th eigenvectorψj of the
eigenproblem

(
K + Kp

)
ψ = ω2

(
M + Mp

)
ψ. The second

approximation assumes a neglegible modal stiffness of the piezo
patch with respect to the modal stiffness of the passive system.
In this case and for constant patch area (and therefore constant
capacityCp), κj is proportional to the modal coupling|ψj

Tfp|.
If K andM or K + Kp andM + Mp are diagonal matri-
ces of the modal masses of unity and of the squaresω2

j , the last
approximation together withej = ψj gives the simple relation

κj
2 ≈

(
ej

Tfp

)2

Cp ωj
2

. (10)
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For isolated eigenfrequencies, the other eigenmodes can bene-
glected in the frequency neighborhood ofωj and introducing the
scalar quantities







m
d
k






= ψj

T







M +Mp

D +Dp

K +Kp






ψj , (11)

f = ψj
Tfm, a = ψj

Tfp, qm ≈ qψj , (12)

the electro-mechanical system approximatively is described by

m q̈ + d q̇ + k q − aU = f,

a q + Cp U = Q.

With k = ω2m, d = 2ξω m andQ̇ = I, the eigenfrequencyω,
the Lehr damping measureξ and the electric current are substi-
tuted into the equations. An application of the Laplace transfor-
mation with the frequency variables leads to

Φ(s) :=
q

qstatisch
=

q

f/k
=

ω2

s2 + 2ξωs + ω2

(

1 − a
k

U
q

) ,

I = s a q + sCp U.

Let Z denote the impedance of an electric network, connected
to the electrodes of the piezo patch under consideration. This
implies U = −ZI, becauseI is the current, flowing into the
piezo capacitor. The impedance of the capacity of the piezo patch
is given byZD = 1/sCp. Denoting the impedance of a parallel
circuit by

Z||ZD =
1

1

Z + 1

ZD

gives for the frequency function from the displacementq to the
electrical voltageU the relation

U

q
= − a

Cp

Z||ZD

ZD
.

Because ofκ2 = a2/k Cp,

Φ(s) =
1

s2 + 2ξs + 1 + κ2Z
, s = ω s, Z =

Z||ZD

ZD
(13)

holds, introducing the normalized Laplace variables with respect
to the frequencyω. This expression underlines the significance

of the generalized coupling coefficientκ for the integration of
electrical networks via their impedance into modal system de-
scriptions. Following the abbreviations from [7] by introducing
the electrical damping rater = ωCpR, the electrical resonance
frequencyωe = 1/

√
LCp and the dimensionless tuning frac-

tion δ = ωe/ω, the dimensionless impedances of a single resis-
tor R or a seriellRL-circuit are obtained by

ZR =
rs

1 + rs
, ZRL =

δ2rs + s2

δ2 + δ2rs + s2
.

Galvanically shunted ceramics have the impedanceZ = Z
E

= 0

and ceramics with open electrodes the impedanceZ = Z
D

= 1,
which together with (13) again implies the defining equation(9)
for κ. Hagood and Flotow suggest in [7] in case of low structural
dampingξ for the serialRL-network the values

δopt
TF =

√

1 + κ2, ropt
TF =

√
2κ

1 + κ2
,

max
ω

|Φopt
TF(i ω)| ≈

√
2

κ
√

1 + κ2
(14)

to obtain approximately optimal damping forΦ(s) in the neigh-
borhood of the eigenfrequencyω. With (14) and the definition of
the dimensionless coefficients, the electrical quantitiesR andL
can directly be calculated. Furthermore the approximativemax-
imum of |Φopt

TF(i ω)| can be used as objective function in optimal
placement algorithms. Equation (14) reveals a direct correspon-
dance of the effective damping of a serialRL-circuit to the gen-
eralized piezoelectric coupling coefficientκ.

The optimal reduction in decibel of the maximum ampli-
tude ofΦ(s) for serialRL-circuits is displayed in figure 1 for
different coupling coefficientsκ2 ∈ [0, 1/10] and Lehr damp-
ing ratiosξ. Other intervals forκ have approximately the same
curves: Forκ2

j ∈ [0, 1/10j ], the valuesκ2
1 = 10κ2

2 = 100κ2
3

correspond to the damping ratiosξ1 ≈ 3.22 ξ2 ≈ 10.3 ξ3. The
curves from figure 1 have been obtained by numerical optimiza-
tion procedures. The theory of one mass oscillators and the ap-
proximation (14) yield

max
ω

|Φκ=0(i ω)| =
1/2ξ

√

1 − ξ2
, max

ω
|Φξ=0(i ω)| ≈

√
2/κ√

1 + κ2
.

By empirical combination of this border cases, it has been veri-
fied numerically, that the rule of thumb

max
ω

|Φκ=0(i ω)|
max

ω
|Φ(i ω)| ≈ 1 +

√

κ2(1 + κ2)

8ξ2(1 − ξ2)
, ξ < 1%
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Figure 1. OPTIMAL REDUCTION in [dB] of max
ω

|Φ(i ω)|.

supplies an acceptable approximation of the curves from figure 1
in decibel. The equations (7,8) can be considered for several
columns ofΨ simultaneously, if the modal masses are equal to
unity. By introducing the matrix quantities

I = Ψ
T
(
M +Mp

)
Ψ, f = Ψ

Tfm,

2Ξ∆ = Ψ
T
(
D +Dp

)
Ψ, a = Ψ

Tfp,

∆
2 = Ψ

T
(
K +Kp

)
Ψ, qm ≈ Ψq,

the equations of a multifrequent electro-mechanical model

q̈ + 2Ξ∆q̇ + ∆
2q − aU = f ,

aTq + Cp U = Q

can be derived similar to equations (11,12). Again several
patches can be incorporated by summation of the coupling
forces−ak Uk in the actuator matrix equation and using multiple
sensor equations for the quantitiesq, Uk andQk. ∆ is a diagonal
matrix, containing the eigenfrequencies of the system for short
circuited ceramic electrodes and the diagonal matrixΞ contains
the corresponding Lehr damping ratios. As mentioned before,
the assumption has been made, that the transformed damping
matrix Ψ

T
(
D + Dp

)
Ψ is close enough to a diagonal matrix.

Transforming this equations in the Laplace domain and substitu-
ting the normalized impedanceZ from equation (13) of shunted
electrical networks, the system of equations

(
s2I + 2sΞ∆ + ∆

2
(
I + ZAκ

))
q = f ,

U = − Z

Cp
aTq, Aκ =

1

Cp
∆

−2aaT

results, which is quite similar to the scalar case. The transfer
function fromf(s) to q(s) can be determined and optimizations
are possible by using appropriate norms.

The special case of multiple eigenfrequencies, which can be
used as approximation for a cluster of closely related eigenfre-
quencies, occurs, if certain symmetries exist, e.g. the rotational
symmetry of a circular plate. If the electro-mechanical system
is reduced to the frequency range close to the multiple eigen-
frequencyω, neglecting other eigenmodes from distinct eigen-
frequencies, with∆ = ωI (and withΞ = ξI for simplicity
reasons) the frequency equations can be simplified to

((
s2 + 2ξs + 1

)
I + ZAκ

)
q =

1

ω2
f , Aκ =

1

ω2Cp
aaT ,

where the normalized frequency variables = ωs was used again.
The structure of this equation doesn’t change, if orthogonal trans-
formationsq̂ = Qq, f̂ = Qf und â = Qa with an arbitrary
orthogonal matrixQ are applied. Without loss of generality, the
equation can be considered with the special couplinga = ae1,
which impliesAκ = κ2e1e1

T . a corresponds to||a|| of the
untransformed system of equations.Z influences the general-
ized displacementq1 as in the scalar case through the general-
ized electro-mechanical coupling coefficientκ. But the compo-
nentsqj with j ≥ 2 are not influenced at all. This indicates,
that multiple eigenfrequencies of orderm can only be controlled
by m galvanically separated electrical networks and a corre-
sponding amount of piezo patches. Roughly speaking, due to
them-dimensionality of the envolved eigenspace, vibrations can
alwaysrotate to an orientation orthogonal to the coupling vec-
tors, if there are less thanm electrical networks for the vibration
reduction of the eigenmode under consideration.

4 A centrical clamped circular plate as example
To demonstrate the modal correction method, a circular plate

of thicknessh = 3 mm and outer radiusr1 = 15 cm, which
was clamped at the inner radiusr0 = 1 cm is discussed now
as demonstration example. Though the new triangular bend-
ing elements, which are coded in theMATLAB scripting lan-
guage, are mainly developed to realize the modal correctionof
passive structures with respect to active patch devices, and the
passive structural model will normally be supplied by Finite Ele-
ment software packages likeANSYS, this demonstration example
was completely modeled withinMATLAB, using the stiffness and
mass matrices from the new Specht element. Figure 2 shows the
triangular mesh of 1860 nodes and 3600 elements, which was
used for the discretization. It turns out, that the triangular el-
ements assembled the corresponding matrices quite efficiently
and the eigenfrequencies from a subsequent modal analysis are
close to their counterparts, obtained by a comparative Finite Ele-
ment calculation, which was done completely inANSYS. Table 1

6 Copyright c© 2005 by ASME



Figure 2. TRIANGULAR MESH FOR THE CIRCULAR PLATE.

hs 3 mm hp 0.2 mm

νs 0.3 νp 0.34

Es 2.1 · 1011N/m2 Ep 5.94 · 1010N/m2

ρs 7600kg/m3 ρp 7760kg/m3

e31 -19.2N/Vm εS
33 1178 · 8.854 · 10−12As/Vm

Table 1. MATERIAL DATA FOR THE CIRCULAR PLATE.

Figure 3. THE FIRST EIGENMODES OF THE CIRCULAR PLATE.

lists the material data, which was used for the plate (index s)
and for the piezo patches (index p). The modal analysis in
MATLABhas been done with a self-written function, based on
subspace iteration, because for some strange reason, the buildt
in MATLAB-functioneigs had convergence problems. The first
eigenmodes are displayed in figure 3. The rotational symmet-
ric flat membrane mode 8 and the bending modes 9 and 10 are
omitted to save space. Each eigenmode, which is not rotational
symmetric, possesses the multiplicity two and can occur arbi-
trarily rotated around thez-axis, because of the rotational plate

symmetry. Mode 3 und mode 11 in contrast are rotational sym-
metric simple eigenmodes. If piezo patches are placed in equal
pairs above and below the plate, membrane and bending eigen-
modes can be targeted separately by equal and opposite poling of
their electrodes respectively. As already discussed, there are at
least two separated patches neccessary to control the eigenmodes
with multiplicity two. Consider now two orthogonal eigenmodes
with the same eigenfrequencyωj . They have the same shape, the
same maximum amplitude due to the fact that the modal masses
are equal to unity and are rotated by some angleβj . The opti-
mal shape for the second patch can therefore be obtained from
the optimal first patch by rotation withβj . This implies, that
for each eigenfrequency only one optimal piezo patch has to be
detemined, wich is used twice and rotated byβj in case of eigen-
frequencies of multiplicity two. Of course overlapping piezo
patches need additional heuristic considerations, if multiple lay-
ers are not feasible.

Each pair of piezo patches is defined by a triangle mesh,
whose nodes are controlled by the underlying optimization pro-
cedure. The modal parameters (stiffness, mass, coupling vector
and capacity) are calculated elementwise by the developed trian-
gle bending element and the modal displacements at the nodes
are interpolated from the known eigenmode displacements ofthe
circular plate mesh using theMATLAB-functiongriddata or
similar functions. The generalized piezoelectric coupling coeffi-
cient is calculated by equation (10) with or without negotiation
of the changes due to the piezo mass and stiffness.

Simple patch geometries can be controlled by special para-
meters. If the shape of the patches is restricted to be a circular
section, the four parametersϕp0, ϕp1, rp0 andrp1 can be used to
buildt the needed triangular mesh for the patch. Figure 4 shows
the distribution ofκ1

2 + κ2
2 for the first pair of eigenmodes 1

and 2. Due to the fact, that the combined valueκ1
2 + κ2

2 is
not changed by patch rotation around thez-axis, the start an-
gle φp0 = 0 was fixed. To visualize the result, the inner ra-
dius rp0 = 0.15m was fixed too. Therefore the only free para-
meters in this parameter study are the outer radiusrp1 and the
sector angleϕp1.

In the case ofr1 = 0.15m andφ1 = 180◦, the combined
coupling coefficientκ1

2 + κ2
2 = 0.77% is far away from its

optimum value1.93%, though the strain sumεx + εy of the first
two eigenmodes, which is directly related tofp, is positive in one
half of the circular plate and negative in the other half. A close
look to the formula forκ2 reveals, that a higher patch area im-
plies a higher patch capacity, which reduces the effect, a passive
electrical network can have to the mechanical structure. For ac-
tive systems [11, 12, 13, 14] with unlimited energy reserves, the
electric potential in the ceramic can be provided independently
from its capacity. In this case the coupling terma should be
maximized. But if energy is also of concern, or passive networks
are used,κ is the better choice for the objective function of an
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Figure 4. EFFECTIVITY OF PATCH SECTORS FOR j = 1, 2.

optimization procedure. With

aj = e?
31

∫

A

(
div

[
uj

vj

]

− zm ∆wj

)
dA, Cp =

ε?
33

h
A

the optimal placement with respect to thej-th eigenmode can
be done as follows. For passive electrical networks or limited
energy ressources, maximize

κj
2 =

h e?
31

2

ωj
2ε?

33

·
(

1√
A

∫

A

(
div

[
uj

vj

]

− zm ∆wj

)
dA

)2

.

For active control with sufficiently high power capabilities (the
higher the frequency, the more severe is this restriction),maxi-
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Figure 5. EFFECTIVITY OF PATCH SECTORS FOR j = 3.

mize

|aj | = |e?
31| ·

∣
∣
∣

∫

A

(
div

[
uj

vj

]

− zm ∆wj

)
dA
∣
∣
∣.

uj , vj und wj denote in this context the displacement compo-
nents of thej-th eigenmode.

Figure 5 shows the distribution of the coupling coefficient
for the third eigenmode. In case of the third mode, the opti-
mum patch area for passive electrical networks covers only the
inner plate with outer patch radius0.08m, in contrast to the op-
timal area for active control, which covers the complete circular
plate. The fourth and fifth eigenmode reveals several local max-
ima and the global optimum ofκ4

2 + κ5
2 = 0, 23% is given

by rp0 = 0.088 m, rp1 = 0, 15 m, φp1 = 65◦. This result
cannot be achieved by the previous parameter study, becauseof
the artificial restrictionrp0 = 0, 01m, leading to the subopti-
mal valueκ4

2 + κ5
2 = 0, 065%. These eigenmodes are bet-

ter controlled by patches at the outer border of the plate. For
even higher eigenmodes, there exist optimal shapes, lying com-
pletely in the circular plate. Figure 6 displays the strain distrib-
ution εx + εy and the optimal patch sector, obtained by gradient
based optimization procedures for the first eigenmodes. Table 2
summarizes the calculated parameters numerically. The influ-
ence of the patch stiffness and mass to the distribution ofκ can
clearly be observed in figure 4, but the qualitative information is
not changed significantly. Therefore a two step approach in the
optimization of the patches seems to be promising. The com-
paratively costly calculation of the patch masses and stiffnesses
is not done in the actual optimization of the patch shape. Af-
ter convergence to the optimal shape, the mass and stiffnessof
the mechanical structure is updated with respect to the optimized
patch configuration. These two steps are repeated until global
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max
(
κ1

2 + κ2
2
)

= 1.9421% max κ3
2 = 5.3741%

max
(
κ4

2 + κ5
2
)

= 0.2336% max
(
κ6

2 + κ7
2
)

= 0.26608%

max κ11
2 = 4.948% max

(
κ12

2 + κ13
2
)

= 2.4792%

Figure 6. STRAIN DISTRIBUTION AND OPTIMAL PATCH SECTOR.

convergence is achieved. There are some drawbacks in applying
this procedure to multiple eigenfrequencies, but current research
in done on that topic.

Optimization of the full patch shape without considering its
stiffness and mass is more simple and can be done with fast algo-
rithms, which are currently under development. Figure 7 shows
some results from these algorithms for the investigated circular
plate. The displayed coupling coefficients are not directlycom-
parable with the ones from figure 6. They are higher due to the
ignored patch stiffness and mass. It is very difficult to find ef-
ficient optimization techniques, which avoid the overlapping of
piezo patches for distinct eigenmodes. Therefore some heuristic
compromises have to be made after optimzing the patch shapes
Figure 8 indicates a possible compromise for the first five eigen-
modes of the circular plate example.

Figure 7. OPTIMAL FREE FORM PATCHES AND κj
2 VALUES.

SUMMARY
The modal correction method was discussed and especially

adapted to the case of applying flat piezoelectric devices tothe
surface of a mechanical structure. Two active triangular bending
elements were used to calculate the modal correction parame-
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j freq. βj

∑
κj

2 rp0 − rp1 φp0 − φp1

1,2 106 Hz 90◦ 1,94% 10-55 mm 0 − 136◦

3 144 Hz - 5,37% 10-87 mm 0 − 360◦

4,5 184 Hz 45◦ 0,23% 79-150 mm 0 − 67◦

6,7 421 Hz 30◦ 0,27% 50-150 mm 0 − 47◦

11 798 Hz - 4,95% 51-125 mm 0 − 360◦

12,13 877 Hz 90◦ 2,48% 47-125 mm 0 − 133◦

Table 2. OPTIMAL PATCH SECTORS.

Figure 8. HEURISTIC CHOICE OF NON OVERLAPPING PATCHES.

ters for piezo patch actuators and sensors. The implementation
in MATLABcan be found in [2]. Some objective functions have
been discussed to optimize the shape of applied patches and the
generalized piezoelectric coupling coefficientκ has been proved
to be a very good choice. After presenting the complete modal
equations with embedded shunt impedances, the example of the
circular plate has been discussed to demonstrate the whole pro-
cedure.
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