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Preface

Thank you for you interestin PARADISE, a new toolbox for robust parametric
control.
Robustparametriccontrolhasa long tradition,with rootsbackto [Vys86] design
rulesfor governorsfor stablespeedcontrolof enginesandtheBoundary Crossing
Theorem by [FD29] in 1929, which was motivatedby aircraft flutter analysis.
However, upto now robustparametriccontrolwasrarelyappliedin thepractically
orientedfield of industrialcontrol.Themainreasonliessimply in thefactthatno
softwarewasavailablefor this typeof problems.As youalreadycantell from the
name,a parametricplantmodelis requiredasbasisof robustparametriccontrol
algorithms.Handlingandmanipulatingsuchkind of modelsis not at all a trivial
task. It requiressymboliccomputerprogramslike e.g. Mapleor Mathematicato
facilitatetheapplicationof robustcontrolalgorithms.

But evenwith suchmodernprogramsit still requiresdeeperinsightinto themeth-
odsto solve robustcontrol problems.PARADISE not only keepsyou away from
lengthyandannoying symboliccalculations.It offersyou easy-to-usegraphical
userinterfacesto usealgorithms.Simply readin a Simulink modelandlet PAR-
ADISE computethesymbolicclosedloop modelfor you. Then,do your closed-
loop specificationsgraphically, usean adequatedesignmethodandgraphically
visualizethesolution.

Chapter1 givesyouashortintroductionto thebasisof robustcontrol.Userswith
someknowledgeof robustcontrolmaywantto skip this chapter. Chapter2 takes
you on a shorttrip throughPARADISE to giveyou animpressionaboutthepossi-
bilities of this toolbox. Chapter3 explainshow to input your plantandcontroller
structureandyourproblemspecifications.Theremainingchaptersexplain thero-
bustcontrolalgorithmsin moredetailanddemonstrate,how you cansolve these
problemsusingPARADISE. Of courseacompleteintroductionto robustparamet-
ric controlgoesbeyondthescopeof this manual.For a deeperinsight thereader
is referedto theliterature, for example[ABK � 93a, Š69].

http://www.op.dlr.de/FF-DR-RR/PUBLICATIONS
http://www.mathematica.com
http://www.maplesoft.com
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Chapter 1

Intr oduction to robust control

Almost all technicalsystemsdependon varying or uncertainparameters.Just
considerthevelocityor massof vehicles,theoil temperatureof hydraulicsystems,
or the rope length and load massof the craneillustratedin Figure 1.1. These
parametersmay vary moreor lesssignificantly within certainboundsand they
influencethesystemdynamics.

Traditionalcontroldesignapproaches,however, considera fixedoperatingpoint
in thehopethat theresultingcontrolleris robustenoughto stabilizetheplant for
differentoperatingconditions.Theseapproachesdefinitely yield goodresultsif
theparametervariationsaresmallor thesystemdynamicsis not toosensitivewith
respectto theseparameters.For significantparametervariationsthesecontrol
designmethodsreachtheir performancelimits. New designapproaches,which
alreadyincorporatetheplantuncertaintyin thedesignsteparethenrequired.

1.1 Parametric modelsand uncertainty

Robustparametriccontroloffersseveraldesignapproachesfor this typeof prob-
lems. Thebasisof theseapproachesis a parametricmodel. As anexamplecon-
siderthecranein Figure1.1. Thetaskof theoperatorof suchacraneis to pick up
a load andtransportit to anotherlocationwhile preventingthe load from sway-
ing. Especially, whenplacinga loadpreciselyfor exampleon topof a truckor on
a containership, the loadshouldhave stoppedcompletelyfrom swaying,which
requirestrainingandfull attentionof theoperator.

An anti-sway control systemcertainlywill supportthe operatorandhelphim to
operatethe loadsfaster. The designof sucha control systemhasto handlethe
uncertaintyin the rope length � and the load mass��� and guaranteestability

1



2 CHAPTER1. INTRODUCTIONTO ROBUST CONTROL
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Figure1.1: A craneandits schematicrepresentation

for all possibleoperatingconditions. The load massmay vary from the hook
mass���� up to themaximalloadmass� �� andalsotheropelengthvarieswithin
known limits, othercraneparameterslike the crabmass��� areassumedtot be
known. Theresultingrectangularoperatingdomaindesignatedas � is illustrated
in Figure1.2.
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Figure1.2: Rectangularoperatingdomainof thecrane

Thedesignof a control systemrequiresin thefirst stepa modelof the plant. A
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linearstatespacerepresentationof theplantdynamicsis

� "!
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# # ���

���&%
#
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# # ' ���)(*���

���+� %
#
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# $
���#
' $
���+�

, (1.1)

wherethe statesarecrabposition -/. , crabvelocity -10 , ropeangle -12 , andrope
anglerate-13 .
A stability analysisof thecranecanbeperformedusingits characteristicpolyno-
mial. It is

46587�9 � 9 ��� 9 ���;: !=<?>A@ 5B7DC 'FE : ! 7 0 5B7 0 ( 5 $ (*���+GH���I: % GH�J: (1.2)

The plant parametersenterinto the characteristicpolynomialand,hence,make
theplantdynamicsdependingon theseparameters.For this simpleexamplethe
rootsof thepolynomialcanbecalculatedexplicitly. They are

7 .LK 0 ! #
7 2HK 3 ! MON 5 $ (*���PGH���;: % GH�

(1.3)

It is a fourth ordersystemwith a doublepole at the origin anda complex con-
jugatepole pair varyingwith the operatingparametersalongthe imaginaryaxis

from 5 $ (����� GH���/: % GH� � to 5 $ (�� �� GH���;: % GH� � . For detailsaboutparametric
modelingthereaderis referredto theliterature,for example[Cel91].

1.2 Multi-model representation

Not in all casessymbolicsystemequationscanbe retrieved, for instance,if the
plantis highly nonlinearandcomplex. In thosecasesit is oftenpossibleto obtain
a finite setof local linear modelsfor a numberof distinct operatingpoints, for
exampleby meansof systemidentificationof theopen-loopplantor by lineariza-
tion of a nonlinearplant model. Theseplant representativescanbe usedfor the
controllerdesign.

A typicalapplicationisflight control.Especially, modernhighperformancefighter
aircraftsareaerodynamicallyunstableandneedto becontrolled.Figure1.3shows
a sketchof sucha planeequippedwith additionalcanardsto increasemaneuver-
ability. Thetaskhereis to controltheshortperiodmodewhichis describedby the
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Figure1.3: Sketchof afighteraircraft

statesnormalaccelerationQSR andpitch rate T . Thelinearizedstateequationsare

U "! V .W. V .X0 V .X2V 0�. V 0W0 V 0W2# # 'Y$HZ
QSRT[]\ (

^ .#$HZ , (1.4)

wheretheelevatoractuatorstate
[_\

with atimeconstantof 1/14is considered.The
operatingdomainof the aeroplane– the so-calledflight envelopeillustratedin
Figure1.4– describestheadmissiblerangeof altitudein dependency of theMach
number. Nominal valuesfor the systemdescription(1.4) aregiven in Table1.1
for thefour representativeflight conditionsindicatedin Figure1.4.

1.3 Performancespecifications

Backto thecraneexample.To stabilizethisplantit wouldsufficeto shift thepoles
only a little bit into the left complex halfplane.In view of a practicalrealization
this is certainlynot sufficient sincethe dampingstill could be arbitrarily small.
Herecomesin thenotionof � -stability to assuresufficientstabilitymargins.Con-
sideringtheoperatingdomainin Figure1.2 it cannotbe theaim of thedesignto
specifypreciselythe locationof the polesin dependency of the operatingpoint.
Thedesigngoal is reachedif thedampingis sufficiently large. This is thecaseif
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Figure1.4: Flight envelope

therootsof theclosed-loopsystemfor all possibleoperatingpointshaveadegree
of dampinglarger thena value `?a . Furthermore,a maximalsettlingtime might
berequired.This correspondsto a maximalrealpartof the rootsnot larger than
a certainvalue bca . Both conditionscanbevisualizedgraphicallyin thecomplex7 -plane,seeFigure1.5a),b).

d8e
fJg
hji k e

fJg
hli m e

f�g
hli n e

fJg
hli

Figure1.5: Examplesfor � -regions:A line parallelto theimaginaryaxisguaran-
teesa maximalsettlingtime (a), a pair of linesa minimal degreeof damping(b),
a circle limits thebandwidth(c). All theseconditionscanbesatisfiedsimultane-
ouslyby theintersectingregion (d).

The admissibleregion for closed-loopeigenvaluesis denotedas � , a systemis
called o -stable if all its eigenvaluesarelocatedin this region � andanuncertain
systemis calledrobustly o -stable if all eigenvaluesfor all operatingconditions
arecontainedin � . The definition of � -stability permitsarbitraryregionsin the
complex 7 -planeanddoesnot underlieany restrictions.It alsoincludesthespe-
cial casesof the left halfplanefor Hurwitz stability andtheunit circle for Schur
stability.
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FC1 FC 2 FC 3 FC 4
Mach 0.5 0.85 0.9 1.5

Altitude [ft] 5000 5000 35000 35000p .W. qsr�tvu�w�u�x qsy�tvz�r�{ q|r�tvx�x�z qsr�tv}�y�x�{p .X0 y�z�tv~�y }�r�tvz�{ y�w�tvy�y {�x�tvu�xp .X2 u�x�tvy�} {�x���tv} w�~�tv��~ y�z�w�tvup 0�. r�tv{�x�~�w r�tv{�{�r�y r�tvr�w�{�r�y qsr�tvx�w�u�xp 0W0 qsr�tvw�}�y�{ qsy�tv~�y�w qsr�tvx�}�w�z q|y�tv{�{�}p 0W2 qsy�y�tv��u qs��y�tvu�u q|y�r�tvw�y q|��r�tv��w� . qsu�z�tvz�w qs{�z�{�tv{ q|w�}�tvr�u q|y�z�}�tvx� . qs��tvr�z qs~�tvu�r qsy�tvw�z q|r�tvw�z����W~�tv�� 0 y�tv{�� y�tvz�w r�tv}�x
Table1.1: Model datafor anF4-Eaircraft for four typical flight conditions.The
eigenvalues7 . and 7 0 resultfrom 5B7 ' V .W._: 587

'
V 0W0�:

'
V .X0 V 0�. !

#

The region � is specifiedby its boundary��� . Besideslines,adequateelements
to describetheboundaryof a � -regionarecircles,hyperbolas,andellipses.Lines
parallelto theimaginaryaxisrestrictthesettlingtime,circlesthebandwidth.Cir-
clescanbeusedto limit thebandwidth,or – in its invertedversion– to guarantee
a minimal bandwidth.In orderto fulfil severalspecificationssimultaneouslythe
intersectionof basicelementscanbeformed,seeFigure1.5d).

The � -region is not necessarilysimply connected.Justimaginea plant with a
polepair closeto theorigin, whoseeffect on thesystemdynamicsis almostcan-
celledby a closepair of zeros. It would not be wise to move this pole pair to
the left suchthat it satisfiesa certaindegreeof damping. A betterapproachis
to � -stabilizeonly the remainingpoles,while the pole pair remainsmoreat its
open-looplocation. A pair of circleswith small radiusaroundthepolesforming
aunionwith theremaining� -regionguaranteesthatthepolesdonotmovetoo far
away from thezeros.

1.4 Robust controller designand analysis

Back to the cranedesignexample. The task is to determinea controllerwhich
robustly � -stabilizesthe cranefor the entireoperatingdomain. In this example
statefeedback , ! '����  
will beinvestigated.
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In caseof a stepinput the initial force is proportionalto the controllergain ��. .
It canbeadjustedaccordingto theefficiency of theusedactuator, for thedesign
exampleit will besetto 500.Thegain ��3 feedsbacktheropeangleratewhich is
difficult to measure.Sincetheropeanglerateis observablefrom theropeangle,
its measurementcanbeneglectedwhich leadsto ��3 ! #

. Nothingcanbesaidat
this momentabout ��0 and ��2 .
With thesesimpleconsiderationsit waspossibleto reducethe numberof unde-
terminedcontrollerparametersand,hence,simplify thedesign.Theclosedloop
characteristicpolynomialis now with % !

$H#
m/s0 and��� ! $H#
#c#

kg

46587J9 ��� 9 � 9 ��0 9 ��2�: ! 58� #
#c# ( $H# ��0 7 ( 5 $H#c#c#
# ( � #c# �O( $�# ��� ' ��2�: 7 0 ((���0]� 7 2 ( $H#
#c# � 7 3 :�G 5 $H#c#
# �J:
Thedesignstephasto assurethatfor theresultingnominalvaluesof ��0 and ��2 the
rootsof thecharacteristicpolynomiallie in theregion � for all possibleoperating
conditions. In general,this cannotbe accomplishedin onedesignstepfor the
entireoperatingdomain.A morepracticallyorientedwayof robustcontroldesign
is simultaneous� -stabilizationwhich is asfollows:

Step1: Selectafinitenumberof nominaloperatingpointswhichadequately
representtheoperatingdomain.
In caseof asymbolicmodeldescriptionchoseanumberof operatingpoints
andcalculatethenominalsystemequations.A goodchoicearethevertices
of theoperatingdomain,seeFigure1.2. In caseof a multi-modeldescrip-
tion thesenominalsystemdescriptionsarealreadygiven.

Step2: Determinea controllerwhich simultaneously� -stabilizestherep-
resentativesof Step1. Despiteof this simplification the designstepstill
remainsa complicatedtask.Theparameterspaceapproachwhich you will
get to know in Chapter4 yieldsasits resulttheentiresetof controllerpa-
rametersfor which a nominaloperatingpoint is � -stable.Computingthis
set for eachrepresentative andforming the intersectionof all setsresults
in thesetof all controllerparameterswhich simultaneously� -stabilizethe
representatives.To completethis stepselectanadequatesolutionfrom the
set.

This procedureis illustratedin Figure1.6. For a givenregion � thesetof
� -stabilizingcontrollerparameters�=� .W�� and �=� 0��� arecalculatedfor thetwo
representatives 5 E . 9�� ._: and 5 E 0 9�� 0�: . Theintersection� � ! �=� .W���� �=� 0���
of bothsetssimultaneouslystabilizesthetwo representatives.

Step3: Sincethecontrollerwasdesignedonly tosimultaneously� -stabilize
therepresentativesit hasto undergo a preciseanalysiswhich hasto verify
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Figure1.6: Simultaneous� -stabilizationof representatives

that the controller is robustly � -stablefor the entireoperatingdomain. If
this testpasses,the designis finished. Otherwise,go backto Step1 and
addmore representatives,especiallyfrom the regions wherethe analysis
indicated� -instability.

The controller structureassumedfor the designstep is crucial for its success.
High degreecontrollersmay give more freedomin the designdirections,how-
ever, within aninteractivedesignprocedurethedesignengineereasilymayloose
survey of theinfluenceof eachcontrollerparameteron thesystemdynamics.For
this reasonit is recommendedto startwith the mostsimplecontrollerstructure.
If a designfails, relax thedesignspecificationsandtry again. If this designsuc-
ceeds,investigatehow to augmentthecontrollerstructureto meetmorerestrictive
specifications.As you canalreadytell from this “recipe” robustcontroldesignis
mostlynot a straightforwarddesignprocedure.It is muchmorea learningpro-
cessof thedesignengineersupportedby robustcontrolmethods.In this learning
processtheengineerwill get muchmoreinsight into the plant dynamicsandits
dependency on the uncertainandcontrollerparameters.This “engineeringart”
approachis justifiedby theresultingcontrollerwhich exploits thehighestpossi-
blepotentialdueto theparametricbasisof thedesignandthemappingof “sharp”
boundaries,i.e. whenever a boundaryin parameterspaceis crossed,thenalsoan
eigenvaluecrossestheboundary�1� of thechosen� -stability region.



Chapter 2

A tour thr ough PARADI SE

2.1 Starting a PARADI SE session

To startup the toolboxsimply typeparadise at theMatlab-prompt.This will
startup the main control window andautomaticallyload the symbolic libraries,
which areusedto performsymboliccomputations.Fromthemenusof themain
control window all further inputs can be accomplishedand in generalthe user
doesnothave to returnto theMatlabwindow.

Figure2.1: PARADISE mainwindow

Themainwindow is illustratedin Figure2.1. Thelogo of thetoolboxrepresents
thecolor-codedvaluesetof a trackguidedvehiclefor fixedfrequency.

9
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2.2 Input specifications

2.2.1 The plant

Differentkindsof inputsarenecessary. Themostobviousoneis theplant itself.
For this purposea graphicaluserinterface(GUI) wasdeveloped.PARADISE of-
fers two differentways to specify the plant andcontroller structure:The more
comfortablemanneris the plant specificationvia Simulink. Oncethe userhas
selectedthe desiredmodel, the informationcontainedin the Simulink model is
passedto the symbolic computationpart, wherea parametricrepresentationof
theclosed-loopis calculated.If theSimulink modelis changedthesystemequa-
tionshave to be re-calculated.In orderto save computationtime, especiallyfor
largersystems,thesymbolicsystemequationscanbesaved.Whenre-readingthe
Simulink-modelin a latersession,thesaveddatawill bepassedto thesymbolic
computationpartwithout re-calculatingthesystemequationsfrom theSimulink
model.If Simulink is notavailable,theclosed-loopsystemequations(state-space
or transferfunctionrepresentation)have to betypedin manually.

Figure2.2showsanexampleof aSimulinkmodel.It illustratestheblockdiagram
of a cranepositioningcontrol. The examplerepresentsa continuousplant fam-
ily. PARADISE alsoallows to handlemulti-modelrepresentations,wherea finite
numberof linearplantsaregivenasrepresentativesof a nonlinearplant. Typical
applicationsareflight controlproblemswhereonly linearizedmodelsfor various
flight conditionsaregiven.

Figure2.2: Simulink modelof thecrane
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Thedescriptionof theblockCrane in theSimulink modelpointsto anotherfea-
tureof PARADISE, seeFigure2.3.

Figure2.3: Parametricrepresentationof plants

This block containsthedescriptionof thecranedynamicswhich is of fourth or-
der for the linearizedcranemodelas it is usedhere. The statespacematrices58��9���9���9 `�: weregivenin averygeneralform, for example

� !
# $ # ## #

V 0W2
## # # $# #

V 3W2
#

Theentriesof this matrix dependon craneparameterslike crabmass,loadmass,
andropelength. This dependency could,of course,bedeclaredin theSimulink
model. However, if the systemorder is large, the detailedspecificationof the
matricesin theSimulink block would bequiteawkwardandcouldeasilyleadto
typing errors. To facilitate this procedure,it is possibleto substituteSimulink
parametersafter the symbolicsystemequationsaredetermined:the parameters
containedin theSimulinkmodelaredeterminedfrom thesymbolicequations,see
Figure2.4. Theusernow hasthepossibilityto substitutetheseparametersby their
actualdependency. In theexample, V 0W2 wasreplacedby  &¡ £¢ % . Of coursenot all
parametershave to be replaced,like for examplethecontrollerparameters��. to��3 .
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Figure2.4: Substitutionof Simulink parameters

2.2.2 The operating domain

After a substitutionwasperformedtheresultingparametershave to beclassified.
Threeclassesof parametersexist:

¤ Varying parameters:Theseareplant parameterswhich areuncertain(for
examplethecrabmass)or varybut canbemeasured.

¤ Fixedparameters:Theseareplant parameterswhich will not changetheir
value(for examplethewheelbaseof acar)

¤ Controllerparametersto bedeterminedby thedesignprocess

Theuncertainparametersareassumedtovarywithin givenintervals.Theinterface
in Figure2.5 allows the specificationof thesevalues.Also, the valuesfor fixed
andcontrollerparametershave to beset.

2.2.3 The ¥ -region

For technicalapplicationsHurwitz-stabilityis mostlynotsufficient. Furtherspec-
ifications, like settling time, damping,andbandwidth,have to be met. Several
specificationscanbetranslatedinto locationsof eigenvalueswhich leadsto a re-
strictedsetof eigenvaluesin theleft half plane.Thissetof admissibleeigenvalue
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Figure2.5: Specificationof plantparameters

locationsof the closed-loopis referredto as � . A graphicaleditor for the con-
structionof suchregionsis part of PARADISE. It offers a setof basicelements
(e.g.Realpart limitation, pair of lines of constantdamping,hyperbolas,circles,
ellipses,etc.) from which the region � canbe composed.The examplein Fig-
ure2.6 illustratesthefunctionalityof the � -editor. Theregion consistssimply of
a hyperbola.This guaranteesa certaindegreeof dampinganda maximalsettling
timeof thesystem.

Thebasicelementscanbecombinedarbitrarily usingtheoperationsintersection
andunion.Additionally, eachelementcanbeusedin its invertedform. Thebasic
elementscanbemodifiedby clicking onthespecificelementanddraggingit with
themouseto thenew location. Multiple � -regionscanbeloadedandeditedin a
PARADISE session.

2.3 Algorithms - The parameter spaceapproach

The parameterspaceapproachis implementedas an algorithm in the toolbox.
Oncethe input specificationshave beenaccomplished,the parameterspaceap-
proachcanbeselectedfrom theAlgorithms -menuin themaincontrolwindow.
This will fire up a new window titled “ParameterSpace”,seeFigure2.7. Thepa-
rameterspaceapproachis usedto determinethesetof stabilizingparametersin a
parameterplane. For this purpose,the planehasto be fixed beforeany calcula-
tionscanbeexecuted.Theusercanselectthedesiredplaneusingthetwo popup
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Figure2.6: � -region editor

menuesdisplayedin Figure2.7.

After the planewas specifiedthe user startsthe computationsof the stability
boundariesfrom theRun-menu.An exampleis illustratedin Figure2.7. Dashed
lines identify “real root” boundaries,solid lines“complex root” (seesection4.1)
boundaries.Thestabilityboundariesdividetheparameterplaneinto afinite num-
ber of regions. By checking � -stability of eachregion in the parameterplane
the setof simultaneously� -stabilizingparameterscanbe identified. This is ac-
complishedby selectingthe appropriatefunction from the Options -menuand
selectingdifferentpoints in the parameterplaneby mouseclick. The checked
point is coloredgreen,if this pont is � -stable. A red coloredstar indicates� -
instability. Several othersfunctionalitiesare implemented,for examplescaling
andidentificationof curves.
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Figure2.7: Parameterspace
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Chapter 3

Getting started with PARADI SE

This chapterexplainsin detail how to input a plant anddesignspecificationsin
PARADISE. It assumesthat thetoolboxis installedcorrectly. For informationon
installationpleaseseethefile INSTALL.

3.1 Starting and quitting a PARADI SE session

Simply starta Matlab sessionandtype paradise at the Matlab prompt. The
messageloading libraries... will appear, completedby done when
theinitialization of theExtendedsymbolictoolboxfinishes.At thesametime the
PARADISE mainwindow appears.Fromthereothergraphicaluserinterfacescan
belaunchedwhicharenecessaryfor inputspecificationsandstartingalgorithms.

PARADISE canbeshutdown ondifferentways:

¤ PARADISE automaticallyquitswhenshuttingdown theMatlabsession.

¤ Select“File ¦ Exit ” from the PARADISE main window. This will
only shutdown PARADISE, not yourMatlabsession.

¤ Typeparadise(’quit’) orparadise(’bye’) attheMatlabprompt.

In all casesyouwill beaskedto savemodifiedplants.

17



18 CHAPTER3. GETTING STARTED WITH PARADISE

Main window menus

File:

Savecurrent modeldata:
This savesthe dataof the currentlyactive model. The nameof this
modelis displayedin thetitle menuof thePARADISE mainwindow.
Thefollowing informationwill bestored:Symbolicsystemrepresen-
tationandparametersubstitutions(seebelow) in a file namedsystem-
name.ssr . Parametersettings(e.g.upperandlower boundsof un-
certainparameters,nominalvaluesof representatives,controllerand
fixedparameters)anddescriptionof the � -regionsarestoredin a file
namedsystemname.dat

Saveall modeldata:
All modelscurrentlyopenwill besaved.

Removecurrent model:
Thecurrentlyactive modelwill beremovedfrom thePARADISE ses-
sion. If necessarytheuserwill beaskedto save themodeldata.

Removeall models:
This item removes all openedmodelsfrom the running session. If
necessarytheuserwill beaskedto save themodeldata.

Savesystemto workspace:
Thesystemequationsof thecurrentlyactivatedmodelaresavedto the
Matlabworkspace

for center of q-box:

for verticesof q-box:

for representatives:

asLTI-objectssystemname C,systemname V i or systemname R i cor-
respondingto the numberof verticesor representativesrespectively.
Note, that this item as well as the next requiresthe control system
toolbox!

Savesystemto file:
This item opensthefile selectionbox andsavesthesystemequations
of thecurrentlyactivatedmodel

for center of q-box:
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for verticesof q-box:

for representatives:

asLTI-objectssystemname C, systemname V i or systemname R i re-
spectively to theselectedfile.

Exit PARADISE:
QuitsthePARADISE session.

Input:

Plant specification:

Load new model:
Thisopensa file selectionbox from wherethedesiredmodelcan
beselected.

Reloadmodel:
The symbolicclosedloop equationswill be regenerated,for ex-
ampleif theassociatedSimulink modelhasbeenchangedby the
user.

Gammaeditor:
Startsthe � -regioneditor.

Parameter specification:
Opensa GUI whereall parametersettingsfor theactive plantcanbe
specified.

Algorithms:

Parameter space:
This commandopensa window for computationof stability bound-
ariesin parameterspace

?:

Help:
Opensthehelpwindow (to bedone).

About Paradise:

System name:
This is adynamicmenuitemlisting thenamesof currentlyopenedmodels.
If only onemodelis openeditsnamewill belistedbut cannotbeactivated.If
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morethanonesystemis loadedthemenuitemchangesto apulldown menu
from wherethecurrentmodelcanbeselected.(Note thatdueto a Matlab
bug thewrongsystemnameis displayed.To find aboutthecurrentlyactive
systemopenthepulldown menu.Theactivesystemis marked.)Algorithms
usuallyapply to thecurrentlyactive model. Parametersettingswill beup-
datedin thecorrespondingwindows if theactivemodelis beingchanged.

3.2 Plant specification

3.2.1 Using Simulink

Themostcomfortableway to specifyaplantis to useSimulink. PARADISE reads
in thespecifiedplantandcomputestheclosed-loopequationsof themodelvia the
ExtendedSymbolicToolbox.Simply specifytheplantin its parametricrepresen-
tation. As anexampleconsiderthecraneexampleintroducedin Chapter1. The
simulink modelis shown in Figure2.2. Thestatespaceblock containstheplant
descriptionof thecranewith its parametersin algebraicform.

TheSimulinkmodelhasto becreatedin advanceandstoredin afile. To readit in
within PARADISE select“ Input ¦ Plant specification ”. This opens
afile selectionbox from whereyou canselectthedesiredmodel.

When the model is loadedfor the first time, the symbolic computationof the
closedloop equationswill bestartedautomatically. You areinformedaboutthis
actionby themessageConnecting system...... . Whenfinished,there-
quiredcomputationtime will be displayed.For larger systemsthis stepmay be
quitetimeconsuming.Therefore,thesymbolicclosedloopequationscanbesaved
to a file whenselecting“File ¦ Save current model data ”. There-
sultingfile will benamedsystemname.ssr . It is anASCII file, for thecraneits
contentsis:

_a := [[[0, 1, 0, 0], [-(b2*k1), -(b2*k2), a23 - b2*k3, -(b2*k4)],
[0, 0, 0, 1], [-(b4*k1), -(b4*k2), a43 - b4*k3, -(b4*k4)]]];

_b := [[[0], [b2], [0], [b4]]];
_c := [[[1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1]]];
_d := [[[0], [0], [0], [0]]];
_num := Cranenum;
_den := Craneden;
_cp := [-(a43*b2*k1) + a23*b4*k1 - a43*b2*k2*_s + a23*b4*k2*_s -

a43*_sˆ2 + b2*k1*_sˆ2 + b4*k3*_sˆ2 + b2*k2*_sˆ3 + b4*k4*_sˆ3 +
_sˆ4];
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_sub := [[a23, a43, b2, b4, k1, k2, k3, k4],
[(g*mL)/mC, -((g*(mC + mL))/(l*mC)), mCˆ(-1), -(1/(l*mC)), k1,

k2, k3, k4], [g, mC, mL, l], [g, mC, mL, l]];

To avoid namingconflictstheinternalvariablesstartwith .

When launchinga new PARADISE sessionwith this model the computationof
the closedloop equationswill be skippedif the file systemname.ssr is found.
Instead,the information containedin this file will be readin by the Extended
SymbolicToolbox andis availablein the session.Whenthe Simulink model is
modified the closedloop equationsare inconsistentwith the currentmodeland
have to be regenerated.This canbe performedselecting“ Input ¦ Plant
specification ¦ Reload current model ”.

Note: Themodelcannotbe usedfor numericsimulationin Simulink aslong as
no specificvaluesfor theplantparametersaregiven. However, you canbe treat
thismodelwith PARADISE whichcomputestheparametricclosed-loopmodelvia
the ExtendedSymbolic Toolbox. If you want to simulatethe model you have
to specify the plant parametersat the Matlab prompt, for examplemL=500;
mC=1000; ... . Alsonotethatthisdoesnotaffecttheparametricmodel,i.e.though
a numericvalueis definedfor examplefor ��� in theMatlabworkspace,��� will
still betreatedasasymbolwithin PARADISE.

Thefollowing list of blocksis currentlysupportedby PARADISE:

TransferFunction
StateSpace
ZeroPole
Integrator
Gain
Multiplexer(Mux)
Demultiplexer(Demux)
Summation(Sum)
Selector
all Sourceblocks,e.g.Step
all Sink Blocks,e.g.Display, Scope
PID Controller
Matrix Gain
Model Info

You canuseMatlab matrix creationfunctions,e.g. eye(2) , or ones(2,3) .
Pleasedo notuseany submodels.
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3.2.2 Simulink is not available

Of courseyou canusePARADISE without Simulink. In this casethe input pro-
cedureis not ascomfortablebut offers moreflexibility if you are familiar with
Maple.Thestepsareasfollows:

1. Openyour favorite text editorandcreatea file which hasthesameformat
astheoneillustratedonpage20. Youonly haveto specifyeitherthesystem
matricesor thecorrespondingtransferfunction,e.g.thetwo files

_a := [[[0, 1, 0, 0],
[-(b2*k1), -(b2*k2), a23 - b2*k3, -(b2*k4)],
[0, 0, 0, 1],
[-(b4*k1), -(b4*k2), a43 - b4*k3, -(b4*k4)]]];

_b := [[[0], [b2], [0], [b4]]];
_c := [[[1, 0, 0, 0], [0, 1, 0, 0],

[0, 0, 1, 0], [0, 0, 0, 1]]];
_d := [[[0], [0], [0], [0]]];

and

_num := [1];
_den := [-(a43*b2*k1) + a23*b4*k1 - a43*b2*k2*_s +

a23*b4*k2*_s - a43*_sˆ2 + b2*k1*_sˆ2 +
b4*k3*_sˆ2 + b2*k2*_sˆ3 + b4*k4*_sˆ3 + _sˆ4];

representthesamesystem,wherein the lattercasenumeratoranddenom-
inatorof the transferfunctionhave beengiven. Thecharacteristicpolyno-
mial doesnot have to bespecified,it will becalculatedautomatically. Also
theparametersubstitutionscanbeperformedlaterwithin thecorresponding
userinterface,however, you arefreeto specifyit alreadyin thetext file as
shown in the exampleon page20. From the samplesit shouldbe easyto
tell therequiredsyntax.
Experts: Thefile is interpretedby theExtendedSymbolicToolbox,i.e. it is
of pureMaplesyntax.Youdonotneedto specifythestatespacerepresenta-
tion explicitly. It canbetheresultof arbitrarysymboliccalculations,where
attheendthesystemmatrices a, b, c , d or numand den , respectively,
result.

2. Save thefile to diskusingtheextensionssr .
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3. Selectthecommand“ Input ¦ Plant specification ¦ Load
new model ”. This opensa file selectionbox from whereyou chosethe
file just specified.

Note for Simulink users:Chosingthefile systemname.mdl automaticallystarts
Simulink. If you want to omit this andthe symbolicclosedloop equationsare
alreadysaved (i.e. systemname.ssr exists) you can of courseusethe ssr-file.
This featureis especiallyusefulwhenonly a limited numberof Simulink licenses
is availablein acomputernetwork andyou only wantto readin amodel.

In somecasesthesymbolicrepresentationof theplantmaybequitelengthywhich
canreally make the plant specificationin a Simulink statespacebox pretty an-
noying. For this casethe symbolicdescriptionof the statespacemodelcanbe
specifiedin a file. This is convenientespeciallyin thosecaseswherethe state
spacemodelis the resultof a Maplesessionandalreadyavailablein thedesired
format.Thestatespacemodelhasto bestoredin advanceto afile namedsystem-
name.sym asshown in thefollowing sample:

ASymb := [[0, 1, 0, 0],
[0, 0, a23, 0],
[0, 0, 0, 1],
[0, 0, a43, 0]];

BSymb := [[0], [b2], [0], [b4]];
CSymb := convert(array(1..4,1..4,identi ty), list list) ;
DSymb := [[0], [0], [0], [0]];

In this exampletheMaplecommandsarray andlistlist wereusedinstead
of [[1, 0, 0, 0], ..., [0, 0, 0, 1]] for theoutputmatrix.

The Simulink statespacebox hasto be filled thenwith the substitutesASymb,
BSymb, CSymb, andDSymb. Notethattherepresentationmaybemixed,e.g.only
asubstitutefor theinputmatrix is usedwhile theothermatricesarespecifiedcon-
ventionallyin theSimulinkstatespacebox.

3.2.3 Multi model specification

Themulti modelapproachpointedout in Chapter1 requiresa specialformat for
the plant input. Considerthe casethat a plant is not representedby a contin-
uousplant descriptionbut by a set of nominal statespacemodels � . 9�§�§�§H9��&¨ ,� . 9�§�§�§�9��O¨ , � . 9�§�§�§�9��©¨ , and `ª. 9�§�§�§�9 ` ¨ . This is for examplethecaseif no sym-
bolic plant model is availableandthe nominalmatriceswereobtainedby some
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identificationproceduresfrom a technicalplant. Thenconstructcells in Matlab
built up from thesystemmatrices,e.g.for theflight controlexamplethenominal
valuesof the four flight conditionsaregiven in Table1.1. Specifythe nominal
matricesascell elements

a{1} = [-0.9896 17.4100 96.1500
0.2648 -0.8512 -11.3900

0 0 -14.0000];
b{1} = [ -97.7800; 0; 14.0000];

......
d{4} = [0; 0; 0];

and save them in a file namedsystemname.mat using the Matlab command
save f4e a b c d if thesytemshouldbe calledf4e . The statespacebox
hasthen to be filled with the substitutesANom, BNom, CNom, and DNom, see
Figure 3.1. Now execute“ Input ¦ Plant specification ¦ Load

Figure3.1: Simulinkmodelof theF4Eaircraft

new model ” from the PARADISE main window andchosethe corresponding
Simulink file. Theclosed-loopsystemequationswill now becalculatedfor each
representative. Thenumberof resultingnominalrepresentativesis of courseiden-
tical to thenumberof plantsspecifiedin themat -file.

If you do not have Simulink availableyou needto generatethe ssr -file asde-
scribedabove. You have to specifyall the representatives in closed-loopform.
For theaircraftexampleassumingstatefeedbackcontrol

, !¬« ' � ¨
­ ��® #  
thefile looksasfollows:
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_a := [[[-1237/1250 + (4889*knz)/50, 1741/100 +
(4889*kq)/50, 1923/20], [331/1250, -532/625,
-1139/100], [-14*knz, -14*kq, -14]],
[[-851/500 + (1361*knz)/5, 1268/25 + (1361*kq)/5,

527/2], [2201/10000, -709/500, -3199/100],
[-14*knz, -14*kq, -14]], [[-667/1000 + (8509*knz)/100,

1811/100 + (8509*kq)/100, 4217/50],
[8201/100000, -6587/10000, -1081/100],
[-14*knz, -14*kq, -14]],
[[-2581/5000 + (878*knz)/5, 674/25 +
(878*kq)/5, 1789/10], [-431/625, -49/40, -1519/50],
[-14*knz, -14*kq, -14]]];

_b := [[[-4889/50], [0], [14]], [[-1361/5], [0], [14]],
[[-8509/100], [0], [14]], [[-878/5], [0], [14]]];

_c := [[[1, 0, 0], [0, 1, 0], [0, 0, 1]], [[1, 0, 0],
[0, 1, 0], [0, 0, 1]], [[1, 0, 0], [0, 1, 0],
[0, 0, 1]], [[1, 0, 0], [0, 1, 0], [0, 0, 1]]];

The matricesareorganizedin the form ¯ °±. 9 °ª0 9�§�§�§H9 ° ¨�² whereeachmatrix has
to bespecifiedin Mapleformat.

3.3 Parameter specification

Oncethe plant wasreadin you canstartwith specifyingthe parametersettings.
PARADISE distinguishesthreedifferentparametertypes:

¤ Varying parameters: Theseparametersarespecifiedby their upperand
lower bounds.Additionally, the numberof grid pointshasto be specified
which is usedfor algorithmsapplying a grid on varying parameters.By
default, parametersstartingwith q arecategorizedasvarying parameters.
Theinitial lowerboundis zero,theupperboundis one.

¤ Controller parameters: By default parametersstartingwith k arecatego-
rizedascontrollerparameters.Their initial valueis zero.

¤ Fixed parameters: Theseareparametersassumedconstant.By default all
parametersinitially not categorizedascontrolleror varyingparametersare
fixedparameters.Their initial valueis one.

Tochangeparametersettingsselect“ Input ¦ Parameter specification ”
from themainwindow. This opensthewindow illustratedin Figure2.5. It con-
tains a listbox which can be unfoldedto display the desiredinformation. For
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exampleto inspectvarying parameters,perform a doubleclick on +Varying
parameters . This will unfold thedesiredinformationanddisplaytherefering
parameternames.In orderto inspector changethesettingsof aspecificparameter
performadoubleclick on thespecificline.

In thecaseof a multi modelrepresentationasdescribedin Section3.2.3varying
parameterscannotexist sincethe plant is describedby a setof nominalsystem
equations,seeFigure3.2.

Figure3.2: Parameterspecificationwindow for multi modelrepresentation

To changea parametervalueselectthe adequateline. The associatedvaluewill
appearin the edit box at the bottomof the window whereit canbe edited. The
new valuewill besetby hitting thereturnkey or by moving thecursorout of the
editorfield.

To move a parameterto anothercategory selectthedesiredparameterandchose
“Edit ¦ Classify parameter ¦ Controller parameter ” if the
parametershouldbemovedto thecategoryof controllerparameters.

Parameter specificationwindow menusI

Edit:

Edit substitution list:
Switchesto thelist of Simulinkparametersfor substitution.

Classify parameters:
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Varying parameter:
Movestheselectedparameterto theclassof varyingparameters.

Controller parameter:
Movesthe selectedparameterto the classof controllerparame-
ters.

Fixed parameter:
Movestheselectedparameterto theclassof fixedparameters.

Add representative:
Definesa nominaloperatingpoint which canbe usedlater for anal-
ysis or controller design. A new item is insertedin the listbox in
Advanced/ Representatives . The initial valuesfor the pa-
rametersare the centerof the operatingdomain. Additionally, a � -
region canbeassociatedwith this representative, i.e. if � -stability of
this representative hasto be checked in a later stage,the associated� -regionwill beusedfor testing� -stability.
This menuitem is not availablein thecaseof multi-modelrepresen-
tation sincethenthe numberof representativesis fixed. It cannotbe
modifiedsincethenumberof nominalplantsis thenpartof theplant
specification.Only the � -region associatedwith eachof therepresen-
tativescanbemodified,seeFigure3.2.

Removecurrent representative:
Removestherepresentativeselectedin thelistbox.
Not availablein thecaseof multi modelrepresentation.

Removeall representatives:
Removesall representatives.
Not availablein thecaseof multi modelrepresentation.

Resetoperating domain:
Resetsall parametersto their initial values,i.e. zerofor controllerpa-
rametersandlower boundsfor varyingparameters,all otherparame-
tersaresetto one.

Close:
Closesthewindow.

PARADISE offersacomfortablefeatureto substituteSimulinkparameters.This is
especiallyusefulif atermappearsmorethanoncein thesystemequations.Simply
specify a substitutingterm in the Simulink model. After the model was read
in into PARADISE select“Edit ¦ Edit substitution list ” from the
Parameterspecificationwindow. This replacesthe listbox by anotheronewhere
all Simulinkparametersarecontainedin theitem “Direct substitution ”.
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Simply selecttheparameterto besubstitutedandedit the termin theedit box at
thebottomof thewindow. After pressingthereturnkey thesubstitutedparameter
will appearin the right column of the listbox. New parametersintroducedby
this substitutionagaincanbe substituted.They appearin the item “ Indirect
substitution ” andcanalsobeedited.

Parameter specificationwindow menusII

Edit:

Edit operating domain:
Switchesbackto theparametersettings.

Close:
Closesthewindow

3.4 The ³ -regioneditor

The performancespecificationsfor a specificcontrol problemhave to be speci-
fied in PARADISE via theclosed-loopeigenvaluelocation.Thespecificationsare
fulfilled if theclosed-loopeigenvaluesarecontainedin aplant-specificregion re-
ferredto as � . A graphicaleditor for editing this region is partof PARADISE. It
offersseveralbasicelementswhichcanbecombinedto obtainthedesiredregion.
An exampleof the � -regioneditorwasillustratedin Figure2.6. Redlinesindicate
thepartof theboundarycontributingto theregion � , dashedlinesindicatetheside
of thebasicelementnotbelongingto � .

A basicelementcanbemodifiedon two ways:

¤ Selectthevalueto bechangedin thelistbox(theparameterV in Figure2.6).
Edit thevaluein theedit boxat thebottomof thewindow.

¤ Click onthebasicelementandmoveit with themousecursorto thedesired
position. After releasingthecursorbuttonthenumericvaluesdisplayedin
thelistboxwill beupdatedautomatically.

¥ -regioneditor window menus

Edit:
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Add basicelement:

Real part limitation:
Mathematicaldescription:

��� !µ´ b¶( N¸· ¹ b ! bca 9 ·»º ¯ #c¼�½ :_¾
Theparameterbca (sigma ) hasto bespecified.

Imag part limitation:
Mathematicaldescription:

��� !=´ b¿( N¸· ¹ b º ¯ #c¼À½ : 9 ·¬!¬· a�¾
Theparameter· a (omega) hasto bespecified.

Real interval:
Mathematicaldescription:

��� !Á´ b¶( N¸· ¹ b º ¯Âb � ¼ b � ²Ã9 ·¬! # ¾
Theparametersb � (Lower ) and bÄ� (Upper ) have to bespeci-
fied.

Damping:
Mathematicaldescription:

��� !Á´ b)( N¸· ¹ b º ¯ #
¼À' sign 5ÆÅ : ½ : 9 ·Ç! $ G Å
0 'Á$ ¹ b ¹ ¾
The parameterÅ (Damping ) hasto be specified.Also negative
valuesareallowed. Thenthe boundaryis containedin the right
half plane.

Hyperbola:
Mathematicaldescription:

��� !µ´ b¿( N¸· ¹ b
V
0 ' · ^ 0 ! $ 9 ·Èº ¯ #c¼À½ :�¾

TheparametersV and
^

haveto bespecified.Alternatively, thepa-
rametersintersectionof thehyperbolawith therealaxis(sigma )
andthedamping(Damping ) canbespecified.

Cir cle:
Mathematicaldescription:

�1� !µ´ b¿( N¸· ¹ b 0 ( · 0 !=É 0 9 b º ¯Âbca ' É ¼ bca�( É ² ¾
The parametersbca (sigma ) and É (Radius ) have to be speci-
fied.
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Pair of circles:
Mathematicaldescription:

�1� !=´ÊÉ*>]ËlÌ (»bca£( N¸· a ¹JÍÎº ¯ #c¼SÏ�Ð ² ¾
Theparametersbca (sigma ), · a (omega), and É (Radius ) have
to bespecified.
Ellipsis:
Mathematicaldescription:

��� !µ´ bÑ( N¸· ¹ b ' bca
V

0 ( · ^ 0 ! $ 9 b º ¯Òbca ' V
¼ bca;( V ² ¾

TheparametersV ,
^
, and bca (sigma ) have to bespecified.

Pair of ellipses:
Mathematicaldescription:

��� !Á´c> ËlÓÀ5 V£Ô�Õ
Ö Í ( N
^
Ö
×ÃØ Í :S(Èbca�( N¸· a ¹�ÍÎº ¯ #c¼SÏHÐ ² ¾

Theparametersbca (sigma ), · a (omega), V ,
^
, andÙ (Rotation )

have to bespecified.

Deleteelement:
The currently selectedbasicelementwill be removed from the � -
regiondescription.

Redraw region:
Refreshesthedisplayed� -region.

Add newregion:
A new � -region will beadded.

Deleteregion:
Thecurrentlyselected� -regionwill beremoved.

Close:
Closesthe � -region editorwindow.

Options:

Display eigenvalues:

SinglePlant:
Usethis item,if thereis no � -box,e.g.for multi modelrepresen-
tat ions.
Center of Q-box:
Theeigenvaluesof thecenterof the � -boxwill becalculatedand
displayedin thecurrentlydisplayed� -region.
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Vertices:
The eigenvaluesof the verticesof the � -box will be calculated
anddisplayedin thecurrentlydisplayed� -region.

Representatives:
Theeigenvaluesof all representativeswill becalculatedanddis-
playedin thecurrentlydisplayed� -region.

Hold eigenvalues:
Whenselectingoneof theaboveitemsthealreadydisplayedeigen-
valueswill becleared.Thisfeaturepreventsthisactionandallows
to simultaneouslydisplayfor exampleeigenvaluesof thecenterof
the � -boxandof therepresentatives.

Clear eigenvalues:
Thecurrentlydisplayedeigenvalueswill beremovedfrom the � -
regionwindow.

In Figure3.3 the � -regionsaredisplayedfor theflight controlexample.Eachof

Figure3.3: Setof � -regionsfor theflight controlexample

the � -regionsis associatedwith a representativeflight condition.This figurealso
revealstwo otherfeaturesof thegraphicaleditor:
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1. Eachbasicelementcanbeusedin its default versionor in its invertedform.
For instancethe � -stablepart of a circle is by default its interior. If the
entry Inverted is changedto Yes theexterior of thecirlce describesthe� -stableregion.

2. If morethenonebasicelementis usedto constructa � -region theresulting
setwill beby default theintersectionof thetwo basicelements.If, however,
also the union of basicelementsis requiredit canbe specifiedusing the
setconstructionfeature: Using the two functions is for intersectionand
un for union arbitraryset operationscan be carriedout. In the example
of Figure3.3 the setoperationis un(is(e1,e2,e3),e4) . The indexÚ

of the argumente
Ú

refersto the
Ú
-th basicelementusedto describethe� -region. To restorethedefault simply selectthecorrespondingentryand

replaceit by thestringdefault .



Chapter 4

The parameter spacemethod

4.1 Someintr oducing theory

Thetypical questionof robustcontrol is: Givenanuncertainsystemrepresented
by its characteristicpolynomial 46587�9�Û : . Is the systemrobustly � -stablefor the
givenuncertaintyrange� ?

The answercan be given by finding the solution to the reformulatedproblem:
Determinetheentiresetof uncertainparametersfor whichthecharacteristicpoly-
nomial 465B7�9�Û : is robustly � -stable.Only if theoperatingdomainis entirelycon-
tainedin the resultingsetof � -stableparametersthenthe systemis robustly � -
stable.

The field of applicationof this methodis not only robustnessanalysisbut also
controllerdesign.In this casethesetof stabilizingcontrollerparametersis deter-
mined.All controllersfrom this setstabilizetheplant,thus,allowing to incorpo-
ratefurtherdesigncriteriato selectthefinal controller.

Thesetof � -stableparameterscanbedeterminedby mappingtheregion � via the
characteristicequation 465B7�9�Û : ! #

(4.1)

into thedesiredparameterspace.Equation(4.1) is fulfilled for all critical cases,
i.e. casesfor which eigenvaluesare locatedexactly on the boundaryof � , the
admissiblesetof eigenvalues. In caseof two parametersthe boundariescanbe
visualizedgraphicallyin this parameterplane. PARADISE hasimplementedthe
algorithmsfor this case.

But even for highernumberof parametersthe approachis still applicableto the
problemof robustnessanalysis:Two parametersareselectedfor a graphicalrep-

33
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resentationwhile theremainingonesarebeinggridded.For eachgrid point the � -
stabilityboundariesarecomputedandprojectedinto theselectedparameterplane.
Assumingthat theuncertainparametersareindependentof eachothertheuncer-
tainty domainis a hypercube.Thenthe imageof theprojectionof theoperating
domainin theselectedplaneis alwaysthesamerectangleindependentof thegrid
point.
In caseof controllerdesignit wasalreadydemonstratedin Chapter1 how to keep
low thenumberof controllerparametersto bedeterminedin thedesignprocess.
For thespecialcaseof full statefeedbackwherethenumberof controllerparame-
tersequalsthesystemorderandis fixedtheinvarianceplaneapproachintroduced
in Chapter5 is suitedwell for design.

For thefollowing, thecaseof two uncertainparametersT�. and T]0 will beconsid-
eredto illustratethe procedure.Furthermore,Hurwitz stability will be assumed
for this introductionwithout lossof generality, i.e. � !Ü´HN¸·Ý¹J·Þº 5 '�½ß¼�½ :�¾ .
Then,the characteristicequation(4.1) canbe separatedinto real andimaginary
part:

Re465 N¸· 9 T�. 9 T]0�: ! V a 5 T�. 9 TA0�:À( V 0 5 T�. 9 T]0�: ·
0 ( §�§�§ ( V ¨+5 T�. 9 T]0�: ·

¨ ! #
Im 465 N¸· 9 T�. 9 T]0�: ! · 5 V . 5 T�. 9 T]0�:S( V 2 5 T�. 9 T]0�: ·

0 ( §�§�§ ( V ¨ � . 5 T�. 9 TA0�: ·
¨ � 0 : ! #

(4.2)
Here, Q was assumedeven, the caseof odd Q is straightforward. For a fixed
frequency ·à!È· a thesetof equationscanbesolvedfor T�. and T]0 . Theresultde-
scribesexactly thosepointsin parameterspacefor which thecharacteristicpoly-
nomialhasrootsat 7 !ÞMON¸· a on theboundaryof � , which is the imaginaryaxis
in this case.A sweepof · yields thecompletesetof critical pointswhich forms
thestability boundariesin thespaceof uncertainparameters.For fixedfrequency· a thesetof equationsmayhavedifferenttypesof solutions:

¤ No solutions:This meansthat theredo not exist pointswhich yield eigen-
valuesat 7 !µMsN¸· a .

¤ Finitenumberof solutions.For eachof thesepointsthecharacteristicpoly-
nomialhasrootsat 7 !µMON¸· a .

¤ Indefinite numberof solutions: Both equationsof (4.1) becomelinearly
dependent.Theneitherrealor imaginarypartrepresentthesetof solutions
for this specificfrequency. Frequenciesof this type arealsoreferedto as
singularfrequencies.

Besidesthis categorizationthesolutionsaretypically distinguishedbetweenreal
andcomplex root boundaries.The first onesresult from frequencieswherethe
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boundaryof � intersectstherealaxis,e.g.for Hurwitz stability it is 7 . ! #
andfor

a circle they are 7 . ! bca ' É and 7 0 ! bca£( É where 7 ! bca is thecenterof the
circleand É its radius.Sincein thesecases· alwaysequalszeroand,hence,(4.1)
becomeslinearlydependent,realrootboundariesfall underthecategoryof singu-
lar frequencies.Complex root boundariesresultfrom all complex frequenciesof
the � -boundary.

In termsof eigenvalues,realroot boundariesdescribethecaseswherea realpole
crossestheboundaryof � while complex rootboundariesrepresentall caseswhere
apair of complex conjugateeigenvaluescrossestheboundaryof � .

Theparameterspaceapproachcanbeappliedto differenttypesof problems:

Designof fixed gain controllers:
The � -stabilityboundariesin aplaneof two controllerparameters�á. and ��0
aredetermined,i.e.thesetof controllersfor whichthecharacteristicpolyno-
mial 4À5B7�9 ��. 9 ��0�: is � -stable.Thisapproachyieldsasetof controllerswhich
permitsto incorporatefurther designcriteria to selectthe final controller.
Examplesfor theseadditionalcriteriaare:

– High (low) gainsolutionscanbedeterminedbyselectingthecontroller
from thesetwith maximal(minimal)norm.

– Selectthecontrollerfrom thesetwith maximaldistancefrom thesta-
bility boundaries.Thisguaranteessomeadditionalrobustnessmargins
in thecasethatthemodeldoesnot cover theentireplantuncertainty.

– If the plant is highly nonlinearthe computedsetwill representonly
thosecontrollersfor which the linearizedplant is stabilized.Simula-
tionsof thenonlinearplantfor variouscontrollersfrom thecomputed
setcanthenprovide furthercriteriafor selectingthefinal controller.

– If thecontrollerhasto bedesignedfor anuncertainplantthefirst step
is to determinethe setof stabilizingcontrollersfor a nominalpointÛ a . For fixed gain control it is obvious that the resultingcontroller
alsohasto stabilizetheplant for othernominaloperatingpoints Ûáâ º� . A straightforward approachis to computethe setof stabilizing
controllersfor otheroperatingpoints,for exampleall verticesof the
operatingdomain. Thenthe intersectionof all thesesetsguarantees
stability for the consideredoperatingpointscalledrepresentatives of
theoperatingdomain. This approachof simultaneous� -stabilization
doesnot guaranteerobustnessof theentireoperatingdomain;this has
to beverifiedby a robustnessanalysis.However, dueto the fact that
anarbitrarynumberof representativescanbeconsideredin thedesign
phaseit is apowerful tool for robustcontrollerdesign.
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Of courseit might happenthat the setof stabilizingcontrollersis empty,
i.e. theredoesnot exist a controllerwhich simultaneously� -stabilizesthe
consideredrepresentatives. If thereexist morethantwo controllerparame-
ters, the onesconsideredfixed for the designcanbe modifiedanda new
designiterationcanbestartedwith thesenew values. In caseof only two
controllerparametersno suchmodificationsarepossible. Then it is nec-
cessaryto reconsiderthe designspecificationsor to changethe controller
structure.A promisingapproachis to startwith a simplecontrollerstruc-
ture andrelaxed designspecificationssuchthat it is more likely to find a� -stabilizingsolution. Oncean initial controllercould be determinedthe
designspecificationshave to bestrengthenedtowardsthefinal onesin sev-
eraldesigniterations.

Designof gain scheduledcontrollers:
Not in all casesafixedgaincontrolcanbedeterminedfor plantswith vary-
ing parameters,thoughit is possibleto find � -stabilizing solutionsfor a
subsetof the operatingdomain. Typically, the plant dynamicsare only
influencedheavily by a small numberof uncertainparameterswhile the
remainingonesplay a minor role. Assumingthat one of theseparame-
terswith major influencecanbe measured,the following solutionis suit-
able: Computethesetof stabilizingparametersin a planemadeup by the
varying parameteranda controllerparameter. Furtheruncertainparame-
tersareconsideredasnominalrepresentatives,i.e. theideaof simultaneous� -stabilizationis applied.Fromthe � -stableregion thecontrollerparame-
ter canbedeterminedasa functionof thevaryingparametersuchthat the
controllerparameteralwayslieswithin the � -stableregion. Figure4.1illus-
tratesthisprocedure.Hereit is assumedthataplantparametervarieswithin
theinterval T º ¯ÂT � ¼ T � ² . Theresultof Figure4.1a) shows thatthereexists

ãåä
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Figure4.1: Designof gainscheduledcontrollers.a)Nogainschedulingnecessary,
b) gainschedulingcontrol,c) no � -stabilizingsolution
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a solution ��a which lies in the � -stableregion independentlyof thevarying
parameterT , i.e. no gainschedulingis necessaryat this point. However, in
Figure4.1b) no suchfixed gain control is possible.The dashedline indi-
catesa solutionfor which thecontrollergain in dependency of thevarying
plantparameteris alwayslocatedin the � -stableregion yielding a � -stable
solutionin dependency of thevaryingplantparameter. Figure4.1c) shows
asolutionfor whichno robustly � -stabilizingsolutionis possible.

Robustnessanalysis:
Thestabilityboundariesin aplaneof two uncertainparametersT�. and T]0 are
computed.Thesystemis robustly � -stableif theentireoperatingdomainis
containedin the � -stableparameterset.

4.2 The parameter plane menu

The parameterplanewindow is openedfrom the PARADISE main window by
selectingAlgorithms ¦ Parameter space . Thedesiredparameterplane
canbesetvia thetwo popupmenusintegratedin thewindow, seeFigure4.2. All
varying andcontrollerparametersareavailablefor selection.For the additional
items Invariance plane andUser defined the readeris referedto the
next chapter.

Run:

Executegrid:
This itemstartscomputationof thestabilityboundariesin theselected
plane.Thevaryingparametersnot consideredin theparameterplane
arebeing griddedwherethe numberof grid pointshasto be speci-
fiedin theParameter specification window for eachparam-
eter. The stability boundariesarecomputedfor eachgrid point and
displayedgraphically. For thegenerationof mappingequationsthe � -
regionwith index onewill beused,alsoif morethanone � -regionhas
beendefinedby theuser.

Executerepresentatives:
Startscomputationof the stability boundariesin the selectedplane.
The valuesfor varying parametersnot consideredin the parameter
planearetaken from the representativesdefinedin the Parameter
specification window. The stability boundariesarecomputed



38 CHAPTER4. THE PARAMETER SPACEMETHOD

for all representativesanddisplayedgraphically. For eachrepresenta-
tivethe � -regionspecifiedby its index in theParameter specification
window will beusedfor thegenerationof themappingequations.

Quit:
Closestheparameterplanewindow.

Stability checks:Fromthis submenuyou canperformdifferent � -stability
checksof arbitrarypointsin thedisplayedparameterplane.Thepointsare
selectedwith mouseclicks usingthe left mousebutton. Pressingtheright
mousebutton quits this mode. If the selectedpoint is � -stablethe point
will be marked with a greenstar in the parameterspacewindow. If the
Check individual stability OptionfromtheOptions -Menuis
selected,pointswhich are � -stablefor some,but not all pointsaremarked
by a blue triangle. If the Check individual stability Option is
notselectedthesepointswill bemarkedby a redsymbol,sincethey arenot
robustly � -stable. Pointswhich arenot � -stablewill be marked by a red
symbolin all cases.

Checkstability for Center of Q-box:
Usingthischeck� -stability is only checkedwith respectto theCenter
of thespecifiedQ-Box.

Checkstability for grid:
Thisentrychecks� -stabilitywith respectto all grid pointsof thegiven
Q-Box.

Checkstability for representatives:
This entry checks � -stability with respectto all definedrepresenta-
tives.

Tools:

Selectcontroller:
If at leastoneof the parametersof the selectedparameterplaneis a
controller parameterthis featureallows to selectcontroller parame-
tersgraphicallywith themousecursor. Theselectedpoint is marked
by a crossandthe correspondingcontrollerparametervalueswill be
automaticallyset to the selectedvalues. The crosscanbe movedby
clicking on it with themousecursoranddraggingit to thenew posi-
tion. Thisactionautomaticallyresetsthecontrollerparameters.

Identify curve:
Onceseveral � -stabilityboundarieshavebeencomputedfor somerep-
resentativesor several grid points,it is not possibleto tell for which
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representative or for which grid point a specificboundaryhasbeen
generated.Clicking on a curve with the left mousebutton displays
information about the type of the selectedboundaryat the Matlab
prompt.Pressingtheright mousebuttonterminatesthis mode.

Scalecurve:
Thestability boundariesarecomputedby solvingequation(4.2) for a
sweepof thecomplex frequency 7 alongtheboundaryof � . This fea-
tureparametrizesthecomputed� -stability boundarieswith thecom-
plex frequency whichresultedin thisspecificpointcontributing to the� -stabilitybounaryin parameterspace.

Removescaling:
Removesscalingfrom all stabilityboundaries.

Clear plot:
Erasesall displayedstabilityboundaries.

Mark stableregion:
Selectingthis itemstartsanalgorithmwhichautomaticallydetectsthe� -stableregion for thecomputed� -stability boundaries.Thebound-
aryof this regionwill bemarkedwith solid lines.
Attention:This algorithmmaybetimeconsuming.

Options:

Alter axis limits:
You can alter (or predifinebeforestartingthe calculation)the axis-
limits of both parameters.If you selectthis item two textfields wil
appearwereyou canmanuallychangethe axis limits. Pushingthis
buttomagainmakesthetextfieldsinvisible.

Display � -box:
The � -box will bedisplayedin theselectedparameterplane.The � -
boxcanberemovedby re-selectingthis feature.This featureonly has
effect if at leastoneof theparametersis of varyingtype.

Hold current plot:
Starting a new computationof stability boundariesfrom the Run-
menuerasesby default earliercomputedstability boundaries.Select-
ing this featurepreservesthesestabilityboundaries.

Display individual stability:
This option controlsthe usedmarker symbolfor the stabilty checks.
If this option is selecteda point in thecurrentplane,for which some
but notall grid points/representativesare � -stableis markedby ablue
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triangle. Otherwisethesepointsaremarked by a red symbol, since
they arenot robustly � -stable.

4.3 Designexamplesfor theparameterspacemethod

4.3.1 Designexample1: Crane

The initial designin the parameterspacewill be carriedout for the crane. As
shown in Chapter2 the controllerparameters�á. and ��3 hadbeenfixedby some
a-priori considerationsto ��. ! � #c# and ��3 ! #

. Thegoalof thedesignis to de-
terminethe remainingparameter��0 and ��2 usingthe parameterspaceapproach.
In the first steponly the centerof the operatingdomainwill be considered.To
solve the problemwith PARADISE the systemequationsof the cranehave to be
specifiedfirst asexplainedin Chapter3. Definethecenterof theoperatingdomain
asrepresentative by openingthe“Parameterspecification”window andselecting
Edit ¦ Add representative . Thenominalvaluesof thenew representa-
tive by default aretheonesof thecenterof theoperatingdomain. Sono further
changesarenecessaryat thispoint. Additionally, theparameter��. hasto besetto
500.

Now, openthe parameterspacewindow from the PARADISE main window and
selectthe( ��0 9 ��2 )-planeastheplanewherethestability boundariesshallbecom-
puted.SelectingRun ¦ Execute representatives startscomputationof
thestability boundaries.Theresultis shown in Figure4.2. Thecontrollerparam-
eterplaneis separatedby thestability boundariesinto a finite numberof regions.
To find out aboutthe � -stableregionscheckan arbitrarypoint of eachregion.
This canbedoneby selectingStability checks ¦ Check stability
for grid . Thecursorchangesto a crosshairwhile beingin this mode.Select-
ing pointsin theparameterplaneby clicking with themousecursorin theplane
performsa � -stabilitycheck.Theresultof thecheck( � -stableor not) is displayed
at theMatlab prompt. Oncea � -stablepoint is found theentireregion to which
this pointbelongsis � -stable.

For the examplethe region in Figure4.2 wherethe cursoris locatedin, turned
out to be the � -stableregion. Thecontroller

� � ! � #c# Ï1$HîcÏ 'Ñïcð � ï #
is

selectedasa solutionfrom this setwhich � -stabilizesthecenterof theoperating
domain.

The robustnessof the controllerwill be evaluatednow in a robustnessanalysis.
The analysiscanalsobe carriedout by applyingthe parameterspaceapproach.
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Figure4.2: Setof � -stabilizingcontrollersfor thecenterof theoperatingdomain

For this purposeselectthe(� 9 ��� )-planeandstartthecomputationof thestability
boundariesby selectingRun ¦ Execute grid .

Theresultis displayedin Figure4.3. Thesystemis not robustly � -stablesinceby
designthecenterof theoperatingdomainis � -stableandtheoperatingdomainis
intersectedby � -stabilityboundaries.

This resultemphasizedthat a robust designcanonly be successfulif the entire
operatingdomainis consideredfor thedesign.A designwhich not only consid-
ersonenominal point will more likely be robust enoughto stabilizethe entire
operatingdomain. A suitableselectionof representativesareextremeoperating
conditionslikevertex pointsof theoperatingdomain.

It is thegoalof theseconddesignstepto � -stabilizethe four verticesof theop-
eratingdomain. Again, selectthe ( ��0 9 ��2 )-planein the parameterplanewindow.
To computethestabilityboundariesfor thefour verticesselectRun ¦ Execute
grid . Thiswill grid theremaininguncertainparameters(in theexample��� and� ) with thenumberof grid pointsspecifiedin the“Parameterspecification”win-
dow. In orderto get only the verticesthe numberof grid pointshasto be setto
two which is thedefault.

The result is shown in Figure4.4. The � -stableregion canagainbe determined
by checkingarbitrarypointsof eachset for � -stability. The � -stableregion for
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Figure4.3: Robustnessanalysis.The systemis not robustly � -stablesincethe
operatingdomainis intersectedby � -stabilityboundaries.

thisexampleis theonewherethecursoris locatedin. Fromthis setthecontroller
� ! � #c# ÏcñcZc# 'Y$Hïcñcïcï #

wasselected.

Of courseit is of interestnow to evaluaterobustnessof this new controller. The
procedureis the sameas for the first design. The � -stability boundariesin the
planeof uncertainparametersaredisplayedin Figure4.5. For theseconddesign
thecontrollerturnsout to be robustly � -stable:By designthe four vertex points
are � -stableandtheoperatingdomainis not intersectedby � -stabilityboundaries.
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Figure4.4: Setof simultaneously� -stabilizingcontrollerparametersfor thever-
ticesof the operatingdomain(red: � ! ï	ò

, ��� ! $H#c#c#	óõô
, green: � ! $Hö	ò

,��� ! $H#c#c#	óõô
, blue: � ! ï�ò

, ��� ! Ïc#c#c#	óõô
, cyan: � ! $�ö�ò

, ��� ! Ïc#c#c#	óõô
)
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Figure4.5: Robustnessanalyis.Thecontrolleris robustly � -stablesincethever-
ticesare � -stableandtheoperatingdomainis not intersectedby stability bound-
aries.
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4.3.2 Designexample2: F4E fighter aircraft

A differenttype of exampleis the F4E aircraft design.Here,a finite numberof
represenativesis given. While for the cranedesignexamplethe representatives
consideredfor the designcould be modifiedarbitrarily, the useris fixed to the
specifiednominalrepresentatives.TheSimulinkmodelfor thisexampleis shown
in Figure4.6.

Figure4.6: F4Esimulink model

For the designthe plant descriptionhasto be specifiedasexplainedin Chapter
3. Sincethe flight dynamicschangeswith varying flight conditionit is obvious
that differentflight conditionsmay have to fulfill differenteigenvaluespecifica-
tions.This leadsto � -regionspecificationdependingon theflight condition.This
requirementcanbe satisfiedwithin PARADISE by defininga � -region for each
flight condition.In asecondstepthe � -regionhasto beassociatedwith thecorre-
spondingrepresentative. This stepis performedin the“Parameterspecification”
window asshown in Figure4.7andFigure4.8.

After the parametersettingsarecompletedthe controllerdesigncanbe carried
out in thecontrollerparameterplane. Opentheparameterspacewindow. Since
the two controllerparametersare the only parametersinvolved in this example
thedisplayedplaneis thedesiredone. By selectingthe item Run ¦ Execute
representative thecomputationof the � -stabilityboundariesis startedwhere
now for eachrepresentative the � -region associatedwith this operatingpoint is
usedfor generatingthe mappingequationsand computingthe stability bound-
aries. The resultis shown in Figure4.9. Again, thecheckfor � -stability canbe
carriedout by chosingarbitrarypointsin thecontrollerparameterplaneandper-
forming a checkon thesepoints. The region wherethecrosshairis locatedin in
Figure4.9 is the � -stableone.
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Figure4.7: Parametersettingsfor theF4Edesignexample

A robustnessanalysiscan not be performedfor this casesinceno continuous
modeldescriptionis available.
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Figure4.8: � -region for theF4Edesignexample

Figure4.9: Simultaneous� -stabilizationof thefour flight conditions
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Chapter 5

Designin an invarianceplane

5.1 Intr oduction

In caseof state-feedbackcontrol, the numberof feedbackgainsis determined
by the plant order. Thusa systematicmethodis neededto obtaina robust con-
troller, especiallyfor high orderplants.Designin an invarianceplaneis a possi-
ble approach.This chapterpresentsthe theoreticalbackground,implementation
in PARADISE andsomeexamples.

5.2 Theoretical background

Thisapproach[AT82, Ack85, ABK � 93a, ABK � 93b] for designof statefeedback
is basedontheparameterspaceapproach.Themainideais to iterativelyshift only
themostcritical eigenvalueswhile theothereigenvaluesremainat their location.
For a nominal operatingpoint this can be accomplishedusing an extensionof
Ackermann’s formula.

Herebya � -dimensionalcrosssectionin the Q -dimensionalcontrollerparameter
spaceis determined,suchthat Q ' � eigenvaluesareunobservablethroughthis
feedback.Hencefor any controllerwith parametersin this � -dimensionalsub-
spaceonly � eigenvaluesareshifted,while therestof theeigenvaluesremainat
their location.

For practicalapplications,� equalstwo andthe stability boundariescanbe vi-
sualizedby a simple2-D plot in this two-dimensionalcross-sectionin controller
parameterspaceusingtheparameterspaceapproach.

49
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Therefore,by iteratingtheanalysis(determiningthemostcritical eigenvalues)and
thesynthesisstepof selectingasuitablecontrollerwhichshiftstheseeigenvalues,
acontrollercanbedeterminedfor whichall eigenvaluesarelocatedin thedesired� -region.

For uncertainplants,a suitablecrosssectionin controllerparameterspaceis de-
terminedfor a nominaloperatingpoint, e.g.the centerof the � -box andthe set
of simultaneously� -stabilizingcontrollersis determinedin thegiven invariance
planefor a numberof representatives in the operatingdomain. By iteratively
changingor addingrepresentativesarobustcontrollerfor agrowing portionof the
operatingdomaincanbefound. A detailedexamplewill illustratethis processin
detail.

For acompletereferenceandcasestudiessee[ABK � 93a].

5.2.1 Designin an Invariance Plane

Assumean Q th-orderstatespacemodel
U =! E  ( ��, with proportionalstate-

feedbackcontrol , ! '�� �  .

For this systemit is possibleto determinean � -dimensionalsubspacein the Q -
dimensionalcontroller parameterspace,suchthat only � specificeigenvalues
of thegivenplantareshiftedby arbitraryselectionof controllergains

�
from this

subspace,while theremainingQ ' � eigenvaluesremainattheiroriginallocations.
Thisapproachis basedonAckermann’s Formula[ABK � 93a]:

Theorem (Ackermann):

For a controllablesingleinput system5 E 9�� : , thefeedbackvector

�1� !ø÷ � 465 E : (5.1)

with

÷ � ! # # §�§�§ $ � E � E 0 � §�§�§ E ¨ � . � � . (5.2)

assignstheeigenvaluesof
Eù' � ��� to therootsof thepolynomial46587 : .

Thedesiredcharacteristicclosedlooppolynomial46587 : is now writtenasaproduct465B7 : !øú 5B7 :Àû�ü 5B7 : , where ú 587 : representstheeigenvalueswhich remainfixedandü 5B7 : denotestheeigenvaluesto beshifted.Equation(5.1) becomes

� � !Á÷ � ú 5 E :Bü 5 E : !ø÷ �ý ü 5 E : 9 (5.3)
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where ÷ �ý ! ÷ � ú 5 E : . Furtherassumingthat only two eigenvaluesshouldbe
shiftedat a time, i.e. ü 587 : ! üLa£(*üH. 7 ( 7 0 , equation(5.3) yields

� � !ø÷ �ý 5 üLa C (*üH. E ( E 0 : ! ¯ üLa±üH. $ ²
÷ �ý÷ �ý E÷ �ý E 0 § (5.4)

For theopenloop, i.e.
��� !ÿþ � , theeigenvaluesrepresentedby ü 5B7 : aredenoted

by � 587 : ! ��a£(��á. 7 ( 7 0 , i.e.

þ � !Á÷ �ý � 5 E : !ø÷ �ý 5 ��a C (���. E ( E 0 : § (5.5)

Formingthedifferenceof (5.3) and(5.5) yields

� � ! ¯�������� ² ÷ �ý÷ �ý E 9 (5.6)

with ��� ! üLa ' ��a and ��� ! üH. ' ��. . By arbitrary 5 ��� 9 ���_: a feedbackvector
� �

is determinedin thetwo-dimensionalcross-sectiondefinedby thevectors÷ �ý and
( ÷ �ý E ) suchthatonly thetwo eigenvaluesof � 5B7 : areshiftedwhile ú 5B7 : remains
fixed.

Applying theparameterspaceapproachallows to determinethesetof parameters
in the 5 ��� 9 �	�]: -plane,which � ' 7 ü V

^ Ú�
vÚ
���
thesystem.

5.3 Example : Crane

In this sectionwe show how to usePARADISE to designa simultaneously� -
stabilizingcontrollerby usingtheinvarianceplaneapproach.

We usethesamemodelfor thecranealreadyintroducedin chapter1 and2. The
startingpoint for this designexampleis therobustcontrollerdesignedin section
4.3.1. Namelythecontrolleris given,by

� � ! � #
# Ï
ñcZc# '�$�ïcñcïcï # 9
andtheoperatingdomainwasgivenby

��� º ¯ $�#c#c#c¼�Ï
#c#c# ² ¯ kg²X9 
 º ¯ ïc¼õ$Hö ² ¯m²Ã§
Now considerthe”real world” operatingdomain

��� º ¯ � #c¼�Ïc#
#c# ² ¯ kg²X9 
 º ¯ ïc¼õ$Hö ² ¯m²Ã9
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Figure5.1: Robustnessanalysis.

which includesthecaseof anemptyhook.

First, we evaluaterobustnessof the givencontrollerwith respectto thenew op-
eratingdomain. Figure 5.1 shows that the systemis not � -stable,becausethe
operatingdomainis intersectedby � -stabilityboundaries.

As a first stepto designa controller by useof invarianceplanes,an operating
point in theparameterspacemustbedeterminedfor which theinvarianceplaneis
computed.This is doneby specifyinga representative in theAdvanced section
of theParameter specification interface.Figure5.2showstheinterface
with anappropriaterepresentative for thecraneexample.

Hint : Usually, anoperatingpointwhich liesclosesto (or on)a � -stabilitybound-
ary is a goodchoice,sincethis ensuresthat the origin of the resulting( ��� 9 ��� )-
planeis in thevicinity of the � -stablecontrollerparameter. Thisholdsat leastfor
theboundariesof thesameoperatingpoint.
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Figure5.2: Nominalpoint for invarianceplane.

After we have specifiedan operatingpoint for the invarianceplane(R. in this
example,seeFig. 5.2), thennext taskis to selectthe mostcritical eigenvalues.
This step is initiated from the Parameter space window by choosingthe
parameterinvplane in the parameterselectionpopupmenu. After choosing
invplane in eitherof thetwo menustheSelect Eigenvalues pushbutton
in the lower left corneris displayedwhich allows selectionof theeigenvaluesin
theGamma-Editor window. Figure5.3showsthecorrespondingParameter
space and Gamma-Editor windows. All eigenvaluesare displayedin the
Gamma-Editor window andmarked by a blue cross. Two eigenvalueshave
to beselectedfor thedesignin an invarianceplane.A critical eigenvaluecanbe
selectedby moving themousepointerabove theeigenvalueandpressingthe left
mousebutton.An eigenvalueis displayedby aredcrossafterselection.TheotherQ ' Ï eigenvaluesareconstantfor any controllerparameterin theinvarianceplane
andtheoperatingpoint.

After the most critical eigenvalueshave beenselected,the stability boundaries
are computedfor the representatives. This is doneby selectingthe command
Execute Representatives from the Run - menuin theParameter
Space window.
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Figure5.3: Selectionof mostcritical eigenvalues.

To ensurerobustnessnot only for representative R. which was selectedas the
operatingpoint for the invarianceplane,it is usefulto addextra representatives,
e.g. points for which the previous controller is � -stableor verticesof the op-
eratingdomain. In our examplewe addthe representativesR0 , R2 andR3 asa
representative(seeFig 5.2) to ensurethatwe increasetheportionof theoperating
domainwhich is � -stablein the next designstep. Figure5.2 shows the corre-
spondingParameter specification window andthestability boundaries
for therepresentativesin theParameter space window.

Using the Check stability for grid commandfrom the Stability
checks menu,we can checkthe stability of different coherentregions. The
little greencrossin figure5.4 indicatesthat this region is � -stable.After invok-
ing the commandSelect controller from the Tools menua cross-hair
is displayedandwaits for a mousebutton to be pressed.The cross-haircanbe
positionedwith themouse.Pressinga mousebuttonselectsthecontrollerat the
currentlocationandmarksthecontrollerparametersby a big redasterisk.At the
sametime the valuesof the controllerparameters��. 9�§Ã§ §Ã9 � ¨ in the Parameter
specification GUI areupdated.

Figure5.5 shows that the controller
�1� ! � ñcÏ ð
ðcïcï '�ð
ðcöcîcî Ï � ï
ñ was

selectedfrom thesetwhich � -stabilizestheplantfor bothrepresentatives.
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Figure5.4: Parameterspacewindow.

Figure5.5: Parameterspecificationwindow.
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Thenext stepis to evaluatetherobustnessof thecontrollerwith respectto theop-
eratingdomain.This is doneby applyingtheparameterspaceapproach.For this
purpose,the 5 
 9 ��� : -planeis selectedvia the Parameter selection popup
menuandcomputationof thestability boundariesis startedby selectingRun ¦
Execute grid in theparameterspacewindow. Figure5.6showstheresultfor
theexample.Theplot showsthatfor theselectedcontrollertherealrootboundary
still intersectstheoperatingdomainedges.Thus,wehave to repeatthedescribed
procedureto find acontrollerwhich � -stabilizesthewholeoperatingdomain.

Figure5.6: Analysis:Parameterspacewindow.
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2. Iteration

Usingthesamestepswhichweusedfor thefirst iteration,wespecifyanew oper-
atingpoint for theinvarianceplane,in orderto robustly stabilizea biggerportion
of theoperatingdomain.

Wechoose��� ! ðc#
#
kg9 
 ! $�ö

m astheoperatingpoint for theinvarianceplane.
Figure5.6showesa stability boundaryverycloseto thevertex ��� ! $ � # kg9 
 !ï

m. Thereforewe include this point and two vertex points as representatives
for the following designstepto avoid that this vertex becomesunstable,since
the invarianceplaneholds only for the operatingpoint. Figure 5.7 shows the
Parameter specification window with thefour selectedrepresentatives
andtheinvarianceplane.

Figure5.7: Parameterspecificationsfor seconditeration.

Thenext stepis tochoosethetwomostcritical eigenvalues,in theGamma-Editor
window, invokedfromtheParameter space window asdescribedfor thefirst
iteration.Figure5.8shows selectionof themostcritical eigenvalues.In this case
an eigenvaluelying on the real axis is the mostcritical. Sincetwo eigenvalues
have to beselected,thesecondeigenvalueon therealaxismustbechosen.

Next, determinethe stability boundariesin the invarianceplaneto find a suit-
ablecontrollerby selectingthecommandExecute Representatives from
the Run-menu in the Parameter space window . Figure 5.9 shows the
stability boundariesin the invarianceplane. Using the Check stability
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Figure5.8: Selectionof mostcritical eigenvalues(2nditeration).

for grid commandfrom theStability checks menu,theregionof con-
troller parameterswhich � -stabilizesthe plant for both representatives can be
identified. Thebig red asteriskin figure5.9 shows theselectedcontroller

�1� !
�c� # ðcðc#c# 'ÑÏcïcZ � $ Ïc#
#c#

. Figure5.10showsthestabilityboundariesin the
(��� 9 
 )-parameterplane. Now we have found a � -stabilizingcontroller for the
entireoperatingdomain,becausethereis no stabilityboundarycrossingtheoper-
ating domain. Actually, thereis a wide margin betweenthe stability boundaries
andtheoperatingdomain.



5.3. EXAMPLE : CRANE 59

Figure5.9: Selectionof a � -stabilizingcontroller(2nditeration).

Figure5.10:Robustnessanalysis(2nditeration).
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Final step

In thefirst designexamplein section4.3.1onedesignspecificationwas ��3 ! #
.

This enablestheimplementationof a controllerwithout a sensorwhich measures
state-13 .
As a final stepwe analyze,if we can modify the controller, suchthat ��3 ! #
without losingthe � -stabilizingpropertyfor theoperatingdomain.Therefore,we
determinethe stability boundariesin the ( ��0 9 ��3 )-parameterplane. Figure 5.11
showsaplot of thestabilityboundaries.It canbeeasilyseenfrom figure5.11that
changingtheparameter�á. by asmallamountenablesusto choose��3 ! #

. Using
the controller

�1� ! �
� # § # ð
Ïc#c# § #c# '�Ï
ïcZ � $ §Æ� # � -stabilizesthe whole
operatingdomain.

Figure5.11:Parameterspaceapproach(final step).

Thus,using the invarianceplaneapproachwe could find a controllerwhich � -
stabilizesthe whole operatingdomain. Using a rathereasysubsequentanalysis
anddesignstepwe couldactuallyfind a controllerwhich doesnot requirefeed-
backof state-13 . Althoughwe hadto usenon-zero��3 valuesduring intermediate
designstepsin the invarianceplane,we could achieve ��3 ! #

for the final con-
troller.
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