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Abstract

A method for kinematic point positioning of satellites in low Earth orbit (LEO) based on single frequency GPS measurements is d
It makes use of a ionosphere-free combination (GRAPHIC) of C/A code and L1 phase observations and can thus be employed wit
majority of non-geodetic spaceborne GPS receivers. Other than dynamical Kalman filter schemes estimating position, velocity
parameters along with a set of biases for all tracked channels, a purely kinematic approach is examined in this study. It comprise
adjustment of positions, clock offsets and pass-by-pass biases from the observations. As such, it is free of any assumptions on th
the user vehicle and can be applied for free-flying as well as maneuvering spacecraft. Sample results are shown for LEO GPS da
with a low-cost single frequency receiver in a signal simulator test bed as well as flight data from the CHAMP mission. In both
purely kinematic 3D position accuracy of 1–1.5 m could be demonstrated in comparison with concise reference trajectories.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Zusammenfassung

Im vorliegenden Bericht wird ein Verfahren zur kinematischen Positionsbestimmung von niedrigfliegenden Erdsatelliten
basierend auf Einfrequenz GPS Messungen erörtert. Es basiert auf einer ionosphärenfreien Kombination von C/A-Code und L1
Trägerphasenmessungen und kann so mit der Mehrzahl nicht-geodätischer GPS Empfänger für Raumfahrtanwendungen einges
Anders als dynamische Kalmanfilterverfahren, bei denen Position, Geschwindigkeit und Uhrenparameter gemeinsam mit einem
Biasparametern für alle aktiven Kanäle geschätzt werden, wird in dieser Studie ein rein kinematischer Ansatz verfolgt. Er beruht
globalen Ausgleichung von Positionen, Uhrenablagen und passweisen Bias-Parametern aus den vorliegenden Beobachtungen.
frei von Annahmen über die Bewegung des Nutzers und kann für freifliegende ebenso wie für manövrierende Raumfahrzeuge
werden. Beispielhafte Ergebnisse werden für Messungen eines low-cost GPS Empfängers aus einer Signalsimulation für LEO Ba
für echte CHAMP Flugdaten vorgestellt. In beiden Fällen wird eine rein kinematische 3D Positionsgenauigkeit von 1–1.5 m bezügl
bekannter Referenzbahnen erreicht.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Following the successful demonstration of spacebo
GPS utilization onboard the Topex satellite [27] GPS

E-mail address:oliver.montenbruck@dlr.de (O. Montenbruck).
1270-9638/$ – see front matter 2003 Éditions scientifiques et médicales El
doi:10.1016/S1270-9638(03)00034-8
ceivers have found their way into a large number of m
sions. Even though GPS is now a well established
accepted tracking system for low Earth orbiting satellit
the vast majority of receivers available for space ap
cations is restricted to single frequency C/A-code and
L1 phase measurements. Representative examples in
sevier SAS. All rights reserved.
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the SGR receiver family of SSTL [23], the Motoro
Viceroy receiver [4], as well as the Alcatel Topstar
and Laben Tensor receivers. On the other hand, the
boRogue/“BlackJack” instrument is the only geodetic ty
receiver offering dual-frequency P-code and carrier m
surements under anti-spoofing conditions that has suc
fully been flown in space (see, e.g., [9]). While the Eu
pean AGGA-2 chip offers similar capabilities, the first op
ational space receivers built around this chipset (Laben
grange [11] and Saab GRAS [20]) will only fly in a few yea
from now.

With the availability of precise GPS ephemeris and clo
solutions [8], the ionospheric range delay is left as
dominant error source in the postprocessing of spaceb
GPS data from single frequency receivers. As has b
demonstrated in [14], the use of total electron cont
maps provides a model-based approach for the corre
of ionospheric effects on C/A-code measurements. Th
model can achieve a good overall reduction of the ra
bias otherwise observed in kinematic point solutions,
the computed corrections to individual pseudoranges
still exhibit a scatter of up to 3 m due to the simplifyin
assumptions of a thin layer ionosphere and a cons
vertical electron density profile.

A direct measurement of the ionospheric path delay
each observation is evidently preferrable, but is tradition
limited to dual frequency receivers. However, an ionosph
free combination can also be formed with single freque
data by noting that the ionosphere affects the group d
and phase delay with opposite signs but equal magnit
As a result, the ionospheric code range delay compen
the ionospheric carrier phase advance when forming
arithmetic mean of both measurements.

Denoting byρgeom(t) the geometric range between the
ceiver at epocht and the GPS satellite at signal transmiss
time t ′ = t − ρgeom/c, by δt andδtGPSthe receiver and GP
satellite clock offset, byNe− the electron column densit
along the signal path and byλ andf the L1 carrier wave-
length and frequency, respectively, the observed C/A-code
and L1 carrier range can be described by the reduced
pression

ρC/A = ρgeom+ c(δt − δtGPS)+ 40.3Ne−
f 2

m3

s2 + εC/A,

ρL1 = λϕ = ρgeom+ c(δt − δtGPS)

− 40.3Ne−
f 2

m3

s2 − bL1 + εL1,

(1)

where higher order terms (clock, relativity, refractivity, et
that are of no concern for the envisaged application h
been neglected. Here,ε is the measurement noise wi
representative standard deviations ofσ(εC/A) = 1 m for
code andσ(εL1) = 1 mm for carrier phase. The biasbL1,
which is henceforth treated as a float value, accounts fo
fact that carrier phase data do not provide an absolute r
or pseudorange but measure the range change over
If, as usual, the phase measurementϕ is initialized with a
-

.
s

-

.

(near)-zero value at the onset of carrier tracking,bL1 equals
the pseudorangeρgeom+ c(δt − δtGPS) at this instant excep
for the (much smaller) ionospheric phase shift.

Upon adding code and carrier range, one obtain
combined measurement

ρ∗ = (
ρC/A + ρL1)/2

= ρgeom+ c(δt − δtGPS)− b+ ε (2)

that no longer depends on the ionospheric delay [26]
exhibits a noise with standard deviation

σ(ε)= 1

2

√
σ 2

(
εC/A

) + σ 2
(
εL1

) ≈ 1

2
σ
(
εC/A)

, (3)

which is roughly half the C/A code noise. The ionosphe
free (pseudo-) range is again offset from the true range
a biasb = bL1/2 that equals one half of the carrier pha
bias. It is worthwhile to note that the noise of the result
measurement is reduced, whereas the traditional P1/P2
frequency linear combination increases the pseudora
noise by a factor of three. Also, the noise of C/A-code
measurements itself may be smaller than that of P-c
measurements recovered from encrypted Y-code during
spoofing despite the less favorable chip length.

The measurement of signal propagation effects cau
by charged particles in the ionosphere or interplane
plasma using the DRVID (Differenced Range versus In
grated Doppler) method has first been described in 197
JPL [12]. The term GRAPHIC (Group and Phase Ionosph
Calibration) was later introduced by Yunck [25] for th
ionosphere free combination of L1 code and phase da
the context of GPS based positioning. Since then var
authors [1,2,6,22,26] have addressed the potential of u
GRAPHIC measurements in offline and real-time spacec
orbit determination. Unlike the ionosphere P1/P2 pseu
range combination, the GRAPHIC data type represen
heavily biased one-way range and cannot be used as
for single point navigation solutions. Instead, the bias m
be solved for as part of the positioning or orbit determi
tion process. However, this bias is constant during con
ued carrier tracking of a given GPS satellite and can thu
treated as a common unknown for all observations in a p
So far, satellite orbit determination schemes for use with
GRAPHIC data type have relied on a dynamic or reduc
dynamic trajectory model which greatly facilitates the e
mation of the pass-by-pass biases in either least-square
justments or sequential Kalman filters. Within this study,
alternative approach is proposed, which involves a globa
justment of epoch-wise position and clock data as wel
pass-by-pass bias parameters. It is purely kinematic in
ture and does not rely on any assumptions on the dynam
behavior of the spacecraft trajectory and the GPS rece
clock.
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2. Global position, clock and bias adjustment

2.1. Problem formulation

In the sequel, we consider a set of GPS observations
lected atN different epochst1, . . . , tN . At each epoch a min
imum ofni � 4 individual GRAPHIC measurements form
from the corresponding pseudorange and carrier phase
servations is assumed to be available. Each observation
be associated with a certain pass of a GPS satellite, w
“pass” is defined as a continuous, uninterrupted arc of
rier phase tracking of a given GPS satellite on a fixed
ceiver channel. Ideally, a pass would extend from acqu
tion of signal to end of signal (i.e., rise to set) of the G
satellite as seen from the receiving antenna. In practice, h
ever, carrier tracking may be interrupted in case of low s
nal strengths and a continued viewing period may con
tute several passes in the sense defined above. To h
these situations the rate of change�(ρC/A −ρL1)/�t of the
code-carrier difference from consecutive observations ca
monitored, which exhibits a sudden jump, if the carrier
sets and the associated bias changes. In the application
cussed later (Section 3), a threshold of 20 m has success
been applied to detect such tracking discontinuities. Alte
tive strategies may be imagined, however, and we con
ourselves at this stage to assume that each observat
uniquely associated with one out ofM distinct passes.

The observations can now be used to determine
position and clock offsets at each epoch as well as the
parameters. To achieve a strictly kinematic solution an
account for different oscillator accuracies and clock stee
concepts (tuned oscillators, occasional clock adjustme
continuous clock adjustment) employed by present day G
receivers, epoch-wise clock biases are estimated an
assumptions on the clock behavior are made. In total,
vector of solved-for parameters comprises

NXB = 4N +M (4)

unknowns and may be grouped as(
XT,BT) = (

xT
1, . . . ,x

T
N,b1, . . . , bM

)
(5)

with

xT
i = (

rT
i , cδti

)
(6)

denoting the 4-dimensional position and clock offset vec
at epochti . The individual GRAPHIC observations ma
likewise be combined into a cumulative measurement ve

zT = (ρ∗
1, . . . , ρ

∗
NZ
) (7)

of dimension

NZ =
N∑
i=1

ni . (8)

Denoting byi(k) the epoch index and bym(k) the index of
the bias parameter associated with observationk, the mod-
elled GRAPHIC observation is described by the function
-
y

le

-

s

hk(X,B)

= ρgeom(ti(k), r i(k))+ c(δti(k) − δtGPS,k)− bm(k) (9)

with partial derivatives

∂hk

∂xj
= δi(k),j · (eT

k ,1
)

and
∂hk

∂bj
= δm(k),j · (−1). (10)

Here,

ρgeom(t)=
∣∣r(t)− rGPS(t − τ )

∣∣ (11)

is the actual range between the receiver at timet and the
GPS satellite at signal transmission timet − τ, δ denotes the
Kronecker symbol and

e(t)= r(t)− rGPS(t − τ )
|r(t)− rGPS(t − τ )| (12)

is the line-of-sight unit vector from the receiver to t
GPS satellite. In evaluating the model functionh, the GPS
satellite ephemeris and the clock offsetδtGPS are assumed
to be known quantities. Current IGS services provide
information with representative accuracies of 5 cm for fi
products [8] and 15 cm for rapid products [19].

To determine the unknowns(X,B) from the observation
z, the observation model (9) is linearized about appro
mate values(X0,B0) that can be obtained from a coar
ephemeris of the LEO satellite (e.g., the GPS receiver’s
ternal navigation solution). Minimization of the norm|z−h|
of residuals between observed and modelled data then y
the linear least squares equation

HTWH

(
�X

�B

)
= HTW

(
z − h(X0,B0)

)
(13)

with design matrixH = ∂h/∂(X,B) and weighting matrix
W = σ−2(ε) · 1Nz for the correction(�X,�B) = (X −
X0,B − B0) of the a priori parameters. For two reaso
however, use of Eq. (13) is not feasible for determining
unknown position clock and bias parameters in practice:

1. The matrix HTWH is singular irrespective of th
number of observations.

2. For representative data arcs and data rates the ov
dimension of the normal equations becomes too larg
efficiently use common methods for the solution of f
linear systems of equations.

Approaches to handle the singularity problem and to red
the computational effort are separately discussed in
tions 2.2 and 2.3.

2.2. Incorporation of a priori bias information

The singularity of the normal equations is related to
rank deficiency (typically of order one) that has earlier b
pointed out in [28] for the equivalent case of carrier-o
kinematic positioning. It is caused by a linear depende
of the bias partials and the clock offset partials in
design matrixH but can be overcome by appropriate
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priori information for the bias parameters. Evidently,
approximate value

b ≈ 1

2

(
ρC/A − ρL1)

(14)

for the bias of a GRAPHIC measurement can be obta
from the difference of code and carrier measurements, if
ignores the ionospheric range delay. Confining onese
high elevation observations, the bias estimate would exh
an error of less than 20 m for representative total elec
content (TEC) values encountered in LEO missions [14]

A single known bias value could be used to elimin
one estimation parameter from the normal equations
remove the rank one deficiency that is usually encount
(Rothacher priv. comm.). In this case, any errors in
assumed bias value would ultimately map into an erro
the receiver clock offset at the sub-microsecond level. T
is acceptable since the motion of the host vehicle during
time (a few millimeters) can be neglected compared to
overall positioning accuracy.

As an alternative to a direct parameter elimination,
prefer a statistical handling of the a priori informatio
taking account of bias information for as many passe
available. To this end, an a priori bias value for each p
is first determined by taking the average of the code-ca
difference for elevations above a predefined threshold
E > 30◦. An a priori bias parameter vector(
XT,BT)

ap= (0, b1,ap, . . . , bM,ap) (15)

and information matrix

Λ = diag(0, λ1, . . . , λM) (16)

with

bj,ap= 1

2

(
ρC/A − ρL1

)
j,E>30◦, λj = σ−2(bj,ap) (17)

can thus be established. In the test cases discussed l
conservative value ofσ(bj,ap) = 100 m has been assum
which downweights the a priori information to a lar
degree. If a particular pass is too low for the given thresh
the corresponding entries of the a priori bias vector
information matrix are set to zero. Upon incorporating th
priori information into the least-squares system (cf. [3,1
one finally obtains the modified normal equations

(
HTWH + Λ

)(
�X

�B

)

= HTW
(
z − h(X0,B0)

) + Λ

(
0

Bap

)
(18)

which are free of singularities if the total number
observations exceeds the number of solve for parameter
if at least four GPS satellites are observed at each epoc

2.3. Block Elimination

For an efficient solution of the resulting least-squa
problem, the associated normal equations matrix can fa
ably be partitioned into sparse and full sub-matrices (Fig
a

d

Fig. 1. The normal equations for the global adjustment of position/clock
rametersX and bias parametersB can be partitioned into a block diagon
matrix NXX (upper left), a diagonal matrixNBB (lower right) as well as
two predominantly full matricesNXB andNBX (shaded) describing th
coupling between the position/clock and bias states. Non-zero matrix
ments are indicated in black for a sample case involving 59 epochs an
biases.

Upon separating theX andB components, the normal equ
tions attain the block structure(

NXX NXB

NBX NBB

)(
�X

�B

)
=

(
nX

nB

)
(19)

with

N =
(

NXX NXB

NBX NBB

)

=
(

HT
XWHX H T

XWHB

HT
BWHX HT

BWHB + ΛB

)
(20)

and

n =
(

nX

nB

)
=

(
H T
XW (z − h(X0,B0))

H T
BW (z − h(X0,B0))+ ΛBBap

)
. (21)

Here

NXX = diag(N1, . . . ,NN) (22)

is a block diagonal matrix made up of 4× 4-sub-matrices
where

N j =
∑
i(k)=j

(
ek
1

)(
eT
k ,1

)
(23)

equals the normal equations matrix for estimating posi
and clock offset at epochj from the set of pseudorang
observations collected at this epoch. The very nature ofNXX

implies that its inverse

N−1
XX = diag

(
N−1

1 , . . . ,N
−1
N

)
(24)

can conveniently be computed fromN individual 4× 4
inverse matrices, whereas a full matrix inversion wo
require O(N3) operations.
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The result may be used to eliminate the unknown posi
and clock data from the normal equations, yielding
relations

�B = (
NBB − NBXN−1

XXNXB

)−1

× (
nB − NBXN−1

XXnX
)

(25)

and

�X = N−1
XX(nX − NXB�B). (26)

In a similar manner the equations(
NXX NXB

NBX NBB

)(
CXX CXB

CBX CBB

)
=

(
1 0

0 1

)
(27)

may be solved for the components of the covariance ma
C = N−1, yielding

CBB = (
NBB − NBXN−1

XXNXB

)−1
, (28)

CXX = N−1
XX + (

N−1
XXNXB

)
CBB

(
N−1
XXNXB

)T
. (29)

It may be noted thatCBB has already been compute
as part of the bias parameter solution in Eq. (25).
diagonal elements yield the a posteriori variance of
bias parameters, which is typically much smaller than
assumed a priori uncertainty. Expression (29) yields a f
occupiedNx × Nx matrix, but it is generally adequate
evaluate only the 4× 4 block diagonal which represen
the variance-covariance matrix of the position-clock sta
at each individual epoch. The first summand in (29) equ
the covariance (or equivalently the dilution of precision)
pure single point positioning solutions, while the seco
term describes the increase of the position-clock covaria
caused by coupling with the bias parameters.

The overall count of arithmetic operations is proportio
to M2(4N) when solving the normal equations with blo
elimination as compared to(4N+M)3 for a direct inversion
of the full matrix. Since the typical visibility period of
GPS satellite as seen from a user satellite in low Earth o
is about 20–30 min, a total of 2–3 bias parameters per
hour data arc and per active tracking channel must be so
in the global processing of the GRAPHIC measureme
This may be compared to a total of 480 position and cl
parameters per hour when processing observations at
intervals. For a given data rate, the computing time incre
in proportion to the 3rd power of the data arc length, wh
renders long data arcs computationally less efficient t
multiple short arcs. On the other hand, long data arcs
less sensitive to degradation of the solution near the b
and end of the data set and are therefore preferable
an accuracy point of view. Using the block eliminati
technique described above, data sets of one day (compr
up to 9000 unknown coordinates, 3000 clock offsets
500 bias parameters) can conveniently be handled on pr
day desktop computers. As an example, CPU times of a
10 min are required on a Pentium IV 2.4 GHz proces
to process a 24 h data arc (at 30 s steps), while a 1
data arc can be adjusted in 1–2 min. In both cases
s

t

effort has been made to use optimized subroutines
vector-matrix operations (like, e.g., the BLAS basic line
algebra subroutines) in the software implementation.
completeness, it is mentioned that iterative methods for
solution of linear systems of equations (see, e.g., [7]) m
provide a feasible alternative to the presented approach
proposed block elimination appears preferable, howeve
both the solution of the normal equations and the covaria
matrix are required.

3. Applications

For a valuation of the kinematic positioning accura
achievable with ionosphere free single frequency meas
ments, two sample cases with well known reference or
are considered in the subsequent sections.

3.1. Signal simulator test

3.1.1. Test setup
In a first application, single frequency measureme

collected by a low cost single frequency receiver in a G
signal simulator test bed have been processed. The O
GPS receiver used within this test is based on Zarlin
GP2000 chipset and supports C/A code and L1 carrier phas
tracking on 12 channels. Its GP2021 correlator employ
fixed half-chip spacing between the prompt and early/
tracking arms. Other than commercial receivers based
the same chipset (e.g., CMC Allstar) the receiver softw
has specifically been adapted and tuned for high dyna
applications and can likewise be used on sounding roc
and low Earth satellites [17]. Pseudorange measurem
obtained with the Orion receiver exhibit a standard devia
of 0.9 m, while the carrier phase noise is confined to
than 1 mm for applicable signal-to-noise ratios [15]. T
employed 3rd order frequency assisted phase-locked lo
free of systematic steady state errors in the absence of
Code and carrier phase measurements are both referre
computed clock that approximates the true GPS time wit
accuracy of 1–10 m.

An STR4760 signal simulator was used to generate G
signals over a two hour period for a user satellite in po
orbit at 450 km altitude. In the absence of a more rea
tic simulator model, a constant vertical total electron c
tent of 20· 1016 e−/m2 (corresponding to a 3.2 m ve
tical path delay) has been assumed in the applicatio
ionospheric refraction effects. Further details of the simu
tion are described in [15]. In the processing of the obtai
measurements, elevations of less than 10◦ were discarded
in accordance with the simulated antenna cut-of angle. G
ephemerides and clock offsets were assumed to be r
ously known and the resulting solutions are thus free of
rors related to these parameters. In a real-life application
Section 3.2), precise GPS ephemerides and clock solu
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can be obtained from the IGS with a representative a
racy of one decimeter [8]. The positioning error introduc
by this uncertainty is of similar magnitude and provides
insignificant contribution to the overall error budget.

3.1.2. Navigation solution
Positioning results of the global GRAPHIC data adju

ment are illustrated in Fig. 2 for a two hour data arc at a 1
sampling rate and compared with C/A-code single point po
sitioning accuracies in Table 1. Between 6 and 12 GPS s
lites were tracked at each epoch and a total of 7130 p
tion and clock vectors has been adjusted along with 45
parameters in this test case. It may be recognized tha
GRAPHIC solution is essentially unbiased thus demons
ing the insensitivity to ionospheric path delays. The sca
of the GRAPHIC solutions is, furthermore, found to be co
sistent with the measurement noise (0.45 m) and repre
tative dilution-of-precision values of 1 (horizontal comp
nents) to 2 (vertical component). For comparison with
GRAPHIC results, Table 1 furthermore provides two set
single point navigation solutions computed from C/A-code
pseudoranges only. If the pseudoranges are fully corre
-

for the ionospheric path delays applied in the simulati
an unbiased solution is obtained with a noise level tha
roughly twice as high as that of the GRAPHICS result. C
sidering the fact that the pseudorange noise (0.90 m) is t
as high as that of the GRAPHICS data, it may thus be rec
nized that the estimation of bias parameters in the globa
justment has just a minor impact on the covariance of
position solution. If on the other hand no ionospheric corr
tion is performed (which is typically the case for the sin
point navigation solution provided by a spaceborne GPS
ceiver) the solution exhibits an average radial offset of 1
and a slightly increased along-track and cross-track nois
a result of the elevation dependent path delays.

3.1.3. Ionospheric path delays
Using the pass-by-pass values estimated in the gl

adjustment, the ionospheric path delay for each individ
observation may be computed from the difference of c
and carrier based pseudoranges and compared again
value

I = 40.3Ne−
f 2

m3

s2 · 2.037√
2
sin E + 0.076+ sinE

s). Radial,
ear
Fig. 2. Positioning results using GPS Orion GRAPHIC measurements from hardware-in-the-loop simulations for a LEO satellite (1 s sample
cross-track and along-track errors for each data point are shown as diamonds, while solid gray lines indicate the 1σ error bounds. Increased noise levels n
the begin and end of the data arc are due to a lower number of tracked satellites.
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urements
ron

measu
stment.
Table 1
Accuracy of single point positioning from C/A code pseudoranges and global adjustment of GRAPHIC measurements using 1 s samples. All meas
have been obtained with an Orion GPS receiver in hardware-in-the-loop simulations for a polar LEO satellite at 450 km altitude and a vertical electdensity
of 20 TEC units. For comparison, single point solutions have been computed with and without ionospheric corrections applied

Method Data (m) σ (m) Radial (m) Along (m) Cross (m) 3D rms (m)

Single point positioning (w/o ionosphere correction) ρC/A 0.90 10.73± 3.13 −0.07± 1.10 −0.06± 0.81 11.3
Single point positioning (with ionosphere correction) ρC/A 0.90 +0.13± 2.09 −0.07± 0.85 −0.03± 0.67 2.36
Global adjustment of positions, clocks, biases 1/2(ρC/A + ρL1) 0.45 +0.06± 1.06 +0.21± 0.47 −0.06± 0.35 1.24

Fig. 3. Ionospheric delays from processing of GRAPHIC data obtained in hardware-in-the-loop simulations for a LEO satellite (5 s samples). Thered
values exhibit a constant offset of−4.7 m with respect to the simulated values (solid curve) as a result of the a priori biases applied in the global adju
nt
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sin2E + 0.076+ sinE

. (30)

[10,21] applied by the Spirent signal simulator for differe
elevation anglesE. As illustrated in Fig. 3, the delay
can be recovered with a noise level of 0.76 m which
even slightly smaller than the expected standard devia
of the pseudorange measurements. However, a pronou
offset between measured and modeled values may als
observed, which is caused by the incorporation of incor
a priori biases in the least squares system. Due to
neglect of ionospheric terms in the computation of th
priori biases using Eq. (14), a systematic offset is introdu
that depends on the average ionospheric delay for
observations involved in the construction of the a pr
parameter set. In the present example, a priori biases
been obtained from all observations above 30◦elevation
and the resulting offset amounts to roughly−4.7 m. By
confining oneself to observations above 80◦, the bias is
reduced to−3.2 m in good accord with the vertical pa
delay applied in the simulation. In the global adjustm
of position, clock and bias parameters, the system
offset is compensated by an equally large time bias, wh
leaves the final positioning result unaffected. From an o
determination point of view the choice of a priori bias
is therefore of little relevance, but care must be ta
when using ionosphere calibrations from GRAPHIC data
atmospheric investigations.
d
e

e

3.2. Champ flight data

CHAMP (Challenging Minisatellite Payload) is a Ger-
man research satellite for studying the Earth’s gravity fie
atmosphere and magnetosphere [18]. The spacecraft
launched from Plesetsk, Russia, on July 15, 2000 and
jected into a polar orbit with an initial altitude of 450 km
Among other science instruments, CHAMP carries a g
detic grade dual frequency GPS receiver (TSRS-2; be
known as “BlackJack”) built by JPL, Pasadena. It provid
a full set of measurements including C/A-code, P1-code
P2-code as well as L1 and L2 carrier phases [9]. The TS
2 design supercedes the earlier Turbo-Rogue receiver a
presently used on various other missions including JAS
and GRACE.

3.2.1. Navigation solution
To assess the GRAPHIC solution performance with

flight data, eleven days of CHAMP C/A code and L1 phas
measurements covering the time frame May 20–30, 2
have been analyzed. The data were processed in dis
one day batches at a 30 s sampling rate. Measurem
from 4 to 8 GPS satellites were available at about 2
epochs and the number of pass-by-pass bias param
and a representative number of 470 biases was adju
along with the epoch-wise position and clock states. In
cases precise IGS orbits and 5 min clock solutions w
employed for the GPS satellites. Carrier phase based pr
orbit determination solution with a calibrated accuracy
about 5 cm (Rothacher, priv. comm.) were provided
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Table 2
Champ positioning accuracy with GRAPHIC measurements, precise IGS orbits and 5 min IGS clocks (position errors relative to
TUM precise orbit determination). For comparison, the last column shows the corresponding 3D positioning accuracies obtained
from ionosphere-freeP1/P2 pseudorange combinations

DOY Radial (m) Alongtrack (m) Crosstrack (m) 3D RMS (m) 3D RMS (P1/P2) (m)

140 +0.07± 0.84 +0.01± 0.60 +0.04± 0.49 1.14 3.12
141 +0.13± 0.63 −0.02± 0.50 −0.08± 0.82 1.16 2.27
142 +0.09± 0.72 +0.10± 0.69 +0.26± 0.77 1.29 2.71
143 +0.09± 0.56 +0.05± 0.46 +0.30± 0.41 0.90 2.35
144 −0.02± 1.01 +0.16± 0.79 +0.19± 0.75 1.51 2.27
145 +0.03± 0.88 −0.04± 0.70 +0.05± 0.52 1.24 2.45
146 +0.08± 0.52 +0.00± 0.41 +0.25± 0.42 0.82 3.77
147 +0.06± 0.61 +0.00± 0.53 +0.10± 0.54 0.98 2.43
148 −0.03± 0.70 +0.06± 0.63 +0.12± 0.51 1.08 2.80
149 +0.08± 0.65 +0.08± 0.58 +0.21± 0.40 0.99 3.02
150 +0.02± 0.61 −0.03± 0.50 +0.11± 0.37 0.87 3.08
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the Technical University of Munich (TUM) and used
reference for the analysis. For comparison, single p
position fixes using the ionosphere free linear combinati

ρP12= 2.546ρP1− 1.456ρP2 (31)

of P1 and P2 pseudoranges have also been computed.
As may be recognized from Table 2, the GRAPH

processing yields a 3D accuracy of about one meter (c
2–5) and outperforms the dual frequency solution (col
by a factor of 2–3 for the entire test set. This is directly
tributed to the fact that noise and systematic errors are
plified by a factor of up to 3 in the above P-code combi
tion but reduced by a factor of 2 in the GRAPHIC data ty
While the noise of individual C/A- and P-code measure
ments is typically rather small (ca. 0.1 and 0.3 m, resp
tively, cf. [16,24]) due to receiver internal smoothing ov
10 s intervals, the data are in part affected by multipath
rors of 0.5–2 m caused by cross-talk between the occulta
and POD antenna of CHAMP. Low elevation observation
the aft-looking hemisphere may thus degrade the naviga
solution to an extent that is otherwise incompatible with
quoted receiver noise [16]. As a consequence, the pos
residuals exhibit a very small short term noise, but nota
systematic errors that vary over typical timescales of hal
hour to an hour (Fig. 4). Sudden jumps in the position
lution may further be observed near drops of the geome
dilution of precision and changes of the tracked satellite c
figuration. Overall, a 3D positioning accuracy of 0.8 to 1.5
is achieved, which closely matches the signal simulator
sults presented above.

3.2.2. Ionospheric path delays
Complementary to the navigation performance, the

covery of ionospheric path delays is assessed in Fig. 5, w
compares the GRAPHIC results

I∗ = (
ρC/A − ρL1)

/2− b (32)

with reference values

IP12= 1.546
(
ρP2− ρP1) (33)
obtained from dual frequency P-code measurements
a subset of day 140/2001. The difference of both de
measurements exhibits a systematic offset of roughly
and a standard deviation of 1 m that cannot, howe
uniquely be attributed to either of the two data sets. W
the GRAPHIC based ionosphere estimates are affecte
the a priori bias calibration and half the C/A code noise,
the dual frequency P-code based values suffer from
differential code bias (DCB) and a noise level of roug
three times the individual P-code noise. The well defin
minimum of the I∗ values suggests that the GRAPH
results are systematically too low by ca. 3.5 m, wh
appears compatible with representative ionospheric
delays near the zenith and the fact that the a priori bia
have been obtained from observations above 80◦ elevation.
To fully align both ionosphere estimates, an additional D
of ca. 1 m would be required, which differs from the value
2.4 m (8 ns) derived earlier in an independent analysis
for a data arc in August 2000. At present it remains unc
whether this discrepancy represents an uncertainty in
underlying calibration techniques or an actual change of
DCB inside the BlackJack receiver.

4. Summary and conclusions

The GRAPHIC linear combination of C/A code and L1
carrier observation provides a powerful measurement
for precise GPS positioning of low Earth satellites affec
by ionospheric path delays. A least-squares approach fo
global adjustment of epoch-wise position and clock offs
as well as pass-by-pass biases has been presented tha
not require assumptions on the dynamical motion of
receiver between observations. Using block elimination
associated sparse matrix system can efficiently be tre
even for a large number of unknowns. The performanc
the method has been demonstrated using measurement
an Orion GPS receiver obtained within a signal simula
test bed as well as actual flight data from the CHAM
BlackJack receiver. Compared to precise reference or
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ack,
Fig. 4. Champ positioning results for day 140/2001 using GRAPHIC observations from BlackJack C/A-code and L1 phase measurements (radial, along-tr
and cross-track errors with respect to TUM reference orbit).
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Fig. 5. Correlation of Champ ionospheric path delays as obtained
GRAPHIC observations and dual-frequency P-code measurements o
140/2001.
a better than 1.5 m 3D positioning accuracy was achie
in all cases.

In terms of efficiency, the global adjustment will gen
ally fall back behind dynamical filtering methods for lon
data arcs, where its computational effort tends to incre
with the third power of the number of individual pass
Also, the global adjustment implies a batch processing o
available observations and does not lend itself for a seq
tial formulation. Due to its purely kinematic nature, ho
ever, the proposed approach is of particular interest wh
ever the dynamics of motion or, likewise, the clock dynam
do not allow an appropriate modeling. This is, e.g., the c
for maneuvering spacecraft, boosted trajectories and r
try vehicles. The global adjustment of GRAPHICS measu
ments thus covers a complementary application range
provides a suitable alternative to dynamic filtering metho
Due to the availability of high-performance computing fac
ities, even near real-time requirements can nowadays be
for data arcs of less than 6 hours.
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